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CATMOG
(Concepts and Techniques in Modern Geography)

CATMOG has been created to fill a teaching need in the field of quantitative
methods in undergraduate geography courses. These texts are admirable guides
for the teachers, yet cheap enough for student purchase as the basis of class-
work. Each book is written by an author currently working with the technique
or concept he describes.
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I INTRODUCTION

(i)  Introductory Comments

Consider the following problems. The first concerns a farmer who has at
his disposal given amounts of land, Tabour and water (for irrigation pur-
poses). He may produce two crops. Each ton of Crop 1 produced yields a certain
known profit but requires that certain known amounts of the three resources
be used up. Each ton of Crop 2 produced also yields a known profit and in-
volves using known amounts of the three resources. An obvious question which
arises is: how much of each of the crops should the farmer produce in order
to maximise his profit while not using more resources than are available?

The second problem relates to a situation which might be faced by the
Deliveries Manager of a large company. Known amounts of a particular commodity
are produced at a set of factories each month. The commodity is to be deliver-
ed to a set of retail outlets each of which requires a known amount of it per
month in order to meet customers' needs. The cost of transporting a given
quantity (say one ton) of the commodity from a factory to a retail outlet
varies as it depends, among other things, on how far apart the factory and
retail outlet are. This means that one factory/outlet delivery pattern will
probably involve a different transport cost to another which raises the
question: what pattern of factory/retail outlet deliveries minimises total
transportation costs while ensuring that no factory is called upon to deliver
more than it can produce and each retail outlet receives its requirement?

The final problem represents a type of situation often confronted at
governmental level. A given sum of money is available for investment in deve-
Topment projects. A large number of projects on which some of the money could
be spent has been proposed. Each project will yield a given return. Thus to
spend the money on one set of projects would yield a return different to that
accruing if a different set is chosen. This raises the question of which
particular set of projects yields the maximum return while not requiring more
money than is available.

At first sight, the foregoing problems might appear to possess Tittle
in common for they differ both in terms of subject matter (agriculture;
industry; economic development planning) and scale (individual farmer; firm;
government). Yet there are common features. Each involves finding a solution
- called the optimal solution - which fulfils an aim or objective. The latter
is expressed in terms of making some quantity,e.g. profit, as large - maxim-
isation - or as small - minimisation - as possible. In each case, constraints,
e.g. resource availabilities, Timit the extent to which the objective may be
fulfilled. we seek to go as far as possible towards meeting the objective
while keeping within the bounds of the constraints. Problems of this class
are said to be of the optimisation or normative type. The number of topics
which can be viewed in terms of optimisation is very great. Some examples,
taken from various areas of our subject, are Tisted in Table 1. Pause in your
reading and think of some others.



Table L. Examples of Geographical optimisation Problems

Subject Area

Physical Geography/
Geology

water Quality

Irrigation

Animal Husbandry

Crop Choice

Human and Animal
Diets

Economic Development

Urban Development

Reference

I Taha (1976), 24

Taha (1976), 21

Soltani-Mohammadi
(1972)

Connolly (1974)

Henderson (1959)

Gould et al. (1969)
Taylor (1977), 312

Isard (1960)

Herbert et ai.
(1960)

Problem (s.t. : subject to)

To determine a production
schedule for N 0i1 fields over
T years to maximise profit s.t.
demand for 0il 14n each year met;
no field over-produces.

To determine the necessary
efficiency of each of three
water treatment plants along a
river to minimise construction
costs s.t. maximum pollution
Tevels not exceeded.

For a particular type of irri-
gation, to determine the amounts
of various crops to grow, to
maximise profit s.t. resources
(land, water, labour) not over-
used; market and crop rotation
restrictions.

To determine the number of
cattle and sheep to graze on a
pasture to maximise profit s.t.
no overgrazing of any pasture
component.

To determine the amounts of var-
ious crops to grow to maximise
expected return s.t. no more
than acreage available used;
acreage limits for specific
crops not exceeded; crop pattern
recommended differs from that of
previous year by no more than a
given amount.

To determine the amounts of var-
ious foods to include in a diet
such that diet cost is minimised
s.t. minimum nutritional require-
ments fulfilled.

To determine the mix of economic
activities to carry on in a
region to maximise profit s.t.
regional resources not exceeded.

To determine the Tand acreage

to be allocated to various house-
types in a development scheme to
maximise the total savings of
those to be Tocated s.t. 7land
availability and housing demand
requirements.

Table 1. continued...

To determine for the Southern
ontario steel market the flow
patterns which minimise total
transportation costs s.t. mar-
ket demands for steel and re-
sultant demands for ore and coal
met; specified ore volume shipped
to U.S. for internal consump-
tion; transport resources con-
served at each Tocation.

Transport Casetti (1966)

To maximise expected gain or
minimise expected Toss in a
gaming situation.

Game Theory Gould (1963)

Given an apparently large number of different types of optimisation
problem in terms of subject matter, you might suspect that it has proved
necessary to devise many different mathematical techniques for determining
optimal solutions. Yet this is not the case. Research workers, mainly in the
field of Operations Research or Management Science have shown that when an
optimisation problem is expressed mathematically, it usually falls into one
of a relatively small number of categories and is thus amenable to solution
using one of a relatively small number of methods. The most common the of
optimisation problem involves what is known as linear programming; the mathe-
matical method most commonly employed to find the optimal solution to such

problems is the simplex method.

This monograph concerns Tinear programming and the simplex method. First,
the mathematical structure and the underlying assumptions of linear programm-
ing are defined (Section I(iii)) and a method for solving small problems,

e.g. the farmer-crop problem mentioned at the outset, is described (II(i)).
The simplex method is then discussed (II(ii)-(iv)), once again using the
farmer-crop problem as an example. Once the optimal solution to a particular
optimisation problem has been found, interest often focuses on the extent to
which this solution changes for given changes in the objective and/or con-
straints. such an investigation is called a sensitivity analysis. The various
types of sensitivity analysis and their relevance are discussed in Section
III. To conclude, certain special topics are considered (IvV and vI) and fur-
ther details of some geographical linear programming problems are presented

M.

Before proceeding further, the question should perhaps be asked: why are
the notions underlying optimisation in general and linear programming in
particular of interest to the geographer in the first place? The most important
reason is that in many instances interesting and useful insights into geo-
graphical problems can be obtained by viewing these in terms of optimisation;
in addition, recommendations concerning how current patterns and practices
should be changed can be made. For the farmer-crop problem, if the amounts
of two crops that should be produced in order to maximise profit can be cal-
culated, these can then be compared with the amounts actually being produced
at present in order to assess the efficiency of the farmer's current practice.
In addition, recommendations can be made concerning how production should be
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planned in future in order to raise profit. This double role of first pro-
viding information against which current patterns and activities may be
judged and second of providing a means by which reasoned proposals for the
future may be made represents the main uses of optimisation in geography.

In recent years, geographers have become increasingly interested in ex-
pressing and solving problems in terms of optimisation. To some extent this
reflects certain changes of emphasis within our subject. Geographers are be-
coming more involved in such matters as policy definition, assessing the pos-
sible implications of pursuing different policies, and in environmental
management in its widest sense. An increasing emphasis is also being Taid on
the need to determine how resources may be used as efficiently as possible.
Another topic in which there is now increased interest is that of how decis-
ions concerning geographical phenomena, e.g. the Tocation of a factory, are
and should be arrived at. The concepts underlying optimisation appear singu-
Tlarly appropriate to studies in all these areas for they involve first the
definition of an objective (policy) and constraints and then the determin-
ation of the optimal (most efficient) solution on the basis of which reasoned
recommendations may be made and decisions taken.

within the general subject area of optimisation, why is linear pro-
gramming and the simplex method of particular interest? The main reason is
that the range of actual and potential applications of these is particularly
large. The problems listed in Table 1 appear dissimilar; yet, when expressed
in mathematical form, they all turn out to be linear programming problems -
a point that you will be able to check for yourself after you have mastered
the material to follow. A further point which increases the usefulness of a
study of Tlinear programming and the simplex method is that many optimisation
problems which do not fall into the Tinear programming category may still be
solved using an amended version of the simplex method. For this reason,
mastery of this method provides the necessary base from which you can proceed
to study more advanced topics should you wish.

(i) Prerequisites

It is desirable that the reader be familiar with the earlier monograph
in this series (Hay, 1977) which deals with one type of Tinear programming
problem - the transportation problem. It will be shown here that this is a
Tinear programming problem with a special mathematical structure which enables
the methods given in Hay to be employed in its solution. This monograph builds
on the material presented by Hay by generalising it to cover any linear
programming problem.

Mathematically, it is assumed that the reader understands the notation
for summations (Z) {Section VI (i1} only) and for inequalities (»; <} and is
familiar with the idea of representing lines and planes by equations and of
solving sets of equations for unknowns. Certain aspects of the latter topic
are treated in the appendix. The reader is urged to perform the calculations
described in the text for himself as he proceeds, thereby allowing thorough
understanding.

(iii) Mathematical Structure of Linear Programming Problems

Reconsider the farmer-crop problem mentioned in Section I(i) and suppose
that the actual data are as given in Table 2. We seek the quantities (in tons)

6

of crops 1 and 2 that should be grown in order to maximise profit while not
gverusing any resource. Let Xy and ¥. designate these quantities. ¥, and X
are referred to as the decision variables because the purpose in solving the
problem is to decide what vaTlues these variables should take.

Table 2. Farmer-Crop Problem : Input Data

Resource Units of resource used up Total Availability
per ton grown of: of Resource
Crop 1 Crop 2

Land 2 1 8

Labour 1 1 5

water 1 2 8

Profit per ) 3

ton grown

Consider the objective of profit maximisation. If X, tons of crop 1 are
grown, the profit accruing from crop 1 will be 2X:. Similarly if X, tons of
crop 2 are grown, a profit of 3X; will result. Thus the total profit gained
by growing X, tons of crop 1 together with X, tons of crop 2 will be 2¥; + 3X,;.

Given that profit must be maximised, the objective may be written mathe-
matically as:

Maximise : 2%, + 3%,

Consider now the first constraint, that no more land than is available
may be used. If X; tons of crop 1 are grown, the fotal amount of Tand used
for crop 1 {measured in the units on which the data in Table 2 are based}
is 2X%,. Similarly, if X, tons of crop 2 are grown, the total amount of land
used for crop 2 is 1Xz. Thus the total amount of Tand used by growing ¥, tons
of crop 1 together with X, tons of crop 2 is 2X; + Xz which must not exceed
8 units. Thus mathematically, Xy and X, must be such that:

2%, + X, 5 8

Similarly, consideration of the constraints on Tlabour and water yields the
mathematical conditions:

X1+ Xz 5
X1 +2X%s 8.

Finally, there is the obvious stipulation that negative amounts of a crop
cannot be produced i.e.

X 2 0
Xp =0
The preceding six mathematical expressions together completely describe
the optimisation problem to be solved. Two characteristics of the expressions
identify it as a linear programming problem. First, the objective and each
of the constraints are linear i.e. contain terms involving X1 or X. alone
rather than (say) X:Xz, X1/% or X.7. {In the next section, it is demonstrated
that the objective and constraints appear as straight lines when plotted

[N

and
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graphically). The most important implication of this is that Tinear pro-
gramming cannot be used unless it can be assumed: first, that resources once
allocated to one activity, such as growing crop 1, cannot have any bearing_

on another activity, e.9. growing crop 2, (such an interdependency would pro-
duce terms such as Xi1X: oF X:/X, in the expressions) and, second,

that no economies of scale are possible, so that to (say) exactly double pro-
duction of crop 1 requires exactly double the amount of each resource rather
than, as might be expected with increased scale of production, somewhat Tess
than this. To relax this characteristic and allow such nonlinear terms as
¥1% in the formulation involves entering the field of nonlinear programming
which is computationally more complex. The second characteristic of the ore-
ceding expressions which identify the farmer-crop problem as a linear pro-
gramming problem is that within the 1imits of the constraints, no additional
restrictions are placed on the values that X; and ¥, may take. Suppose in a
problem that X, and X, are the number of new schools and factories respect-
ively to be constructed. Here, in order for the final solution to be imple-
mentable, the additional condition that ¥, and ¥, be integers must be imposed.
This converts our linear programming problem to an integer Tinear programming
problem which, again, is harder to solve. when formulating an actual Tinear
programming problem, it is important to satisfy oneself whether the two
foregoing characteristics apply.

when expressed mathematically, the farmer-crop problem has five con-
straints, the final two of which are the so-called non-negativity conditions.
Because non-negativity of the variables is usually required in optimisation
problems, the corresponding non-negativity constraints are often taken as
read'. we thus state (loosely) that the farmer-crop problem involves maximis-
ation subject to three major constraints. while, as in this case, all of the
major constraints in a maximisation problem are usually of the 'less than or
equals' type, some 'greater than or eguals' {z) and/or 'equality' ({ } con-
ditions can be encountered also. Similarly, with minimisation, while all of
the constraints are generally of the 'z’ type, some 's' and ' ' conditiens
can also be encountered.

II_SOLVING LINEAR PROGRAMMING PROBLEMS

(i) Graphical Solution of the Farmer-Crop Problem

we begin by considering a graphical method by which the farmer-crop
problem may be solved. The decision variable values to be determined are the
optimal amounts of crops 1 and 2 {X; and ¥, tons) to be grown. |hese variables
are placed on the x- and y-axes respectively of a graph (Figure 1{a})}. The
non-negativity constraints together require that ¥, and Xs be positive: thus
the negative valued sections of the axes are omitted from the graph.

Consider now the first of the major constraints (land availability).

If ¥y and ¥, are such that all available land is used up, then, mathematically:

2, + ¥, 2 8

This is the equation for Tine AA' in Figure 1(a). Geometrically, any combin-
ation of ¥, X, which requires exactly 8 units of land will plot out on this
line; a combination reguiring less than eight units will plot below it and
one requiring more than eight units will plot above it (check this).

{C) X, — Amount of crop 1 to be produced ({tans}

Fig. 1 Farmer-Crop Problem: Graphical Representation
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Maximise :

Subject to :

2 Xz_ Amount of crop 2 te be produced [tons}

2X,+3X,

2X1+ XZ =8
X+ X, =5
X1+2X2 =8
X10nd)(2 =0



gq require algebraically that the optimal values of ¥;, X» fulfil the con-
1tion:

2% + X T8

is equivalent to stqting geometrically that the optimal solution, when plot-
ted on the graph, 1ies on or below AA'. Similar treatment of the other two
constraints (labour and water) yields the lines:

f1+X: = &
X] +2x2 = 8

{BB' and CC' respectively in Figure 1(b}} on or helow which the optimal sol-
Et1on nust also 1ie. To require that all the constraints {including ¥,, X

= 0} hold simultaneously is equivalent to requiring that the optimal soTution
Ties below AA', BB', CC' with X, and X. non-negative, i.e. within or on the
edge of the geometrical figure OCOEA'. This area, which comprises the set of
all possible solutions, is called the solution space.

) we now seek to determine where in the solution space the objective i3
max1m1sed. To begin, suppose that the farmer does not wish to maximise his
profit at all but instead, is satisfied to make 6 units of money. Obviously,
if this occurs, X; and ¥; must be such that:

2% + 3, = 6

which is the Tine PyPy' in Figure 1{c}). Geometrically, ¥; and X, must be
chosen so as to fall on this 1ine if a profit of 6 units is required; they
must also fall in the sclution space. Suppese now that the farmer wishes o
make a profit of 2 units. The set of values for X, and X; which permit this
are those lying on the Tine (P,P,'):

2¥y + 3% - 8§

and within the solution space. Comparison of P,P,' with PiP;' demonstrates
that for an increased profit (9 rather than & units), the range of possible
so]upwons which returns the profit lies on a line parallel to the initial
profit line, P1Py', but at an increased distance away from the origin, This
suggests that the optimal {maximum profit) solution will be on the line
parallel te P,P.' which is as far from the origin as possible while still
touching the solution space at at Teast one point. In the case of the farmer-
crop examp?e, this in the line PP' which touches the solution space at the
single point D. The coordinates of this point {(i.e. the optimal values for
X1, Xz) can be read directly from Figure 1{c) and are:

X1 =2 ;% =13

The corresponding maximum profit {let this be called X,} may be obtained by

sgbﬁgituting the optimal value for X, and X: in the original objective which
yields:

Koo 2(2) + 3(3) 13

Note that in this example, the optimal solution occurs at the intersection
of the constraints relating to labour and water availability. Thus it is
these two resources that are being used up fully in achieving maximum profit.

Consideration of the geometry underlying a two variable linear pro-
gramming maximisation problem such as the farmer-crop example suggests the
Tmportant conclusion that, in general, the optimal solution to such a problem
Ties at one of the outermost points of the solution space i.e. at the inter-
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section of two of the constraints. This is because when seeking the optimal
solution, the profit line is moved as far as possible from the origin without
Teaving the solution space; at its maximum distance from the origin, the pro-
fit 1ine generally touches the solution space at one of its outermost points
e.g. C, D, Eor A" in Figure 1(b). (A situation in which the optimal solution
does not Tie at a single outer point of the solution space is discussed in

Section Iv(iv) .)

The graphical method represents a straightforward way of solving linear
programming problems. Its obvious drawback is that it can only be used success-
fully on problems concerning two decision variables; for three variables, a
three-dimensional diagram with the constraints and profit lines appearing as
planes would be required, which would be difficult (although not impossible)
to draw; for larger numbers of unknowns, graphical representation would be
impossible. The range of real-world problems to which the graphical approach
can be applied is thus Timited. Nevertheless, it is extremely helpful for,
as will be demonstrated, it provides a framework within which the algebraic
methods used to solve Targe Tinear programming problems can be understood

clearly.

(ii) Preliminaries to the Simplex Method

A Tinear programming problem comprises an objective plus constraints,
some or (often) all of which are inequalities. Given that most algebraic
theory concerns equations (i.e. equalities) rather than inequalities, it is
not surprising that the algebraic methods that have been evolved for solving
Tinear programming problems begin by converting the constraint inequalities

into equations.
Consider the constraint:
o
2% + ¥, - 8

To convert this to an equality, a guantity (let this he called 510 must be
added to the left hand side to raise it to the level of the right giving:

2%, + Xy +S5, =8
Note that in creating the equé1ity, a new variable, S,, has had te enter the
system. Consider now the inequality:

.+ M2 T3
Here, to convert to an equality, a gquantity {]et this be called 52} muss ¢ be
subtracted from the left hand side to reduce it to the level of the right
giving:

X1+3X2'52=3

In both of the preceding examples, S and S, are referred to as slack vari-
ables for they counteract the differerce or slack between the 1Tt and right

hand sides of the inequalities.
Consider now the equations:
2% + 3%z = 8 %

3%, + 5% <13 }



3ecause there‘are two eguations involving two unknowns {X,, Xz, they
can be solved to yield unique valuas for X; and X, (1 and 2} which satisfy
both equalities simultaneously (see Appendix). Consider now the pair of
equations:

2% b + Sy + 0.5, =8 )

)
Iy o+ 3+ 0.5 + 5 15)

Here, there are two equations with four unknowns and so unique values for
%12 X2, S, 5, cannot be found. Suppose, however, that ¥y, and ¥, are known
to equal zero. Then, the terms containing X, and ¥ disappear and values for
51 and S; can be found. Indeed, givon the way in which the equations {2}
happen to have been written (with, for S, a coefficient of 1 in the first
equation and zeru in the second and, for S;, vice versal, the values of 9,
(=8) and 5, { 5) can be read directly. T

) Suppose now that instead of X, and X» equalling zero, it is known that
in (2) X; and S: are zero, i.c. 5, has changed roles with X,. In order to be
able to read off the values of X, and $, as conveniently as before, the equa-
tions (2} would have to be adjusted to appear in the form:

O Xy +ode 1 5 + 028, - By )

J—---(3)
1 Xl + ::\'Q_JXZ + 0 51 + -3,225; 3 )

WABKE Qyty dtrz, O, Nzay By, B2 represent the numerical values that these
coeff1c1ents must have in order that the equation pairs {2) and (2} be equally
valid. Conversion of (2] te the format of {3} may be achieved using success-
ively two mathematical operations which may be applied to equation sets such
as these, namely:

(i) A particular equation can be multiplied or divided across by
a chosen constant

(i1) A particular equation can be multiplied or divided across by a
chosen constant and then added to or subtracted from another equation. A de-
tailed discussion of these rules is given in the Appendix.

) In order to convert {2} to the format of {3) using {i) and {17}, first
identify the equation i1 {2) in which a particular coefficient is to take a
value of one whereas another, currentiy of value one, may alter. In this
case, the equation s that in the second row where it is required that the
coefficient of X, become one whereas =hat of Sz, currently equal to one, may
alter. In order to create a coefficient of one for Xy, divide the second
equation in {Z) across by three which yields:

2 Xy + 5, 8]
) - ee(8)
X o+ % + 1/3%, 5 )

Mext, in order to create a coefficient of zero for X, in the first row of
{4) mg1t1p]y the second equation in {4) across by two and subtract it from
the first which yields:

=Ky v 51 - 2/35,=-2
LENE I 91 + 1/3%; 5]
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The equation set {5) is now in the format required by (3). With X, = 5, = 0,
it can be seen immediately that ¥; = 5 and $; = -2.

For a set of equations, where some variables are known to be zero, the
non-zero variables are said to form the basis of the equations. Thus in (2),
S, and S, form the basis. The exchange of one variable for another in the
basis, e.g. S» for X, in the example, is c¢alled a change of basis operation.
Mathematically, this operation invelves first creating a coefficient of one
for the variable entering the basis in the row of the variable leaving it
fe.g. for %, in the {(second) row in which 52 currently has a ceefficient of
one} and then of creating zero coefficients for the entering variable (e.g.
for X;) in the other row{s). By definition, the equations are said to have
been pivoted on the term where a coefficient of one was created initially as
on the term 3%; in the example. It will be shown that change of basis oper-
ations play a kev role in the solving of linear programming problems.

when dealing with change of basis operations, it has been found conven-
ient to summarise the sets of equations concerned in tabular form. For the
initial equations in the preceding example (2), this gives:

BASIS X Xz 5, S; | SOLUTION
s 2 1 (1) 0 3

S: EY 3 0 D) 15

The coefficients of the variables are placed below the variables concerned,
the right hand sides of the equations being referred to as the solution.

The variables forming the basis are Tisted on the left. By convention, the
coefficients of one via which values for the basis variables may be read off
are circled to highlight them. The variables in the initial basis, Si and s2,
are separated by vertical lines from the non-basis variables and the solution
column. If it is intended that X; enter the basis and 5z leave, a square is
placed around the coefficient upon which piveting is to occur i.e. that in
the row labelled $; and column Tabelled Xi. Following the change of basis
operation which vields the eauations (5], the revised table is:

BASIS Xy X2 S S, | SOLUTEON
S 0 -1 O -2/3 -2
X Q) 1 0 1/3 5

from which, as before, S, = -2 and X, =5 if %2 = 5, = 0,

We now consider some important relationships between Tinear programming
constraints expressed as equations and solution space geometry. Consider
again the constraints of the farmer-crop problem, which, employing slack
variables, may be written in equation form as:

2X, ¢+ ¥ + 5, =
Ay + %2 + 52 =
X, +2X2 + 53 =

o o op
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For the first constraint and for any point on the constraint Tine itself:
2¥, o+ X: =8

and thus S; = 0, Below the constraint line:
2%, 0+ X < 8

and thus 5, s positive {and increases as distance from the line increases}.
Similarly, above the line, S, is negative. In the same way, S: and 5, are zero
far points on the constraint lines to which they relate, positivo beTow them
and negative above them. Consideration of all the constraints at once (in-
cluding the non-negativity constraints) leads to the conclusion that the solu-
tion space (Figure 1{b}) comprises the set of points for which X, ¥, 5 ,

324 53 are all greater than or equal to zero for, by definition, passing out
of the solution space involves going above one or more of the constraints

{S1 and/or S; and/or S become negative) and/or into the region where X,
and/or X, are negative. For a point actually on one of the boundaries of the
solution space, one of Xy, Xz, Sv, Sz, S3 must equal zero Tor, by definition,
such a point lies efther on a graph axis (X1 or X; = 0) or on a constraint
line (S; or Sz or 52 = 0). Finally, for the outermost points of the salution
space i.e. 0, C, D, E, &' in Figure 1{b), two of ¥,, ¥z, S+, S5s, §; must

equal zero for, by definition, these points are formed by the intersection

of two constraints/axes. This conclusion is of particular importance for, as
demonstrated previously, the optimal solution to a linear programning problem
generally occurs at one of these points.

The farmer-crop problem concerns two decision variables (X, ¥:) with
three constraints which introduce three slack variables (Sy, S, S:), giving
a total of five. In the optimal solution it is anticipated that two of the
five variables will equal zero with the other three being positive. In general,
for a linear programming problem comprising n decision variables with m con-
straints which_introduce m additional slack variables to yield a ftotal of

= n?, n of the {m + n) variahles can be expected to equal zero with the

remaining m being positive in the dptimal soTution.

(ii1) solution of the Farmer-Crop Problem Using the Simplex Method

The ideas presented in the previous section are now combined to provide
a method (called the simplex method) for solving the farmer-crop problem and
then, more importantly, any linear programming problem. To begin, reconsider
the farmer-crop problem objective:

Maximise : 2X; + 3%, [ =X,)

together with the mathematical statement obtained by subtracting this objec-
tive from X, and setting the result to zero i.e.

Ko ~ 2%y = 3 =0 =-mmmemmem {6)

Suppose X1 = 2 and ¥z = 3. (This is in fact the optimal solution to the
farmer-crop problem.} Then, for the equality (6} te hold, X. = 2(2) + 3{3) =13
which is in fact the optimal value of the objective. Again, if ¥, = X, = ]
which is a feasible but non-optimal solution teo the farmer-crop problem,

Xz =05 which again is the objective value for these values of X, and X; .

In general, for any values of ¥, and X», the above equality i3 such that X,
automatically gives the corresponding value of the objective for thase values
of Xy and ¥,. In this sense, it represents the objective in eguation form.

14

Given methods for converting both the objective and the constraints to
equalities, the farmer-crop problem may be rewritten:

Solve: X, - 2¥; - 3%, = 0}
2%, + X2 *+ 5 = 8% ----- (7}
Yo+ X + 32 =5 %
X, + 2%, +53—-a;

It is known that in the optimal solution, two of X,, X2, 51 52, S wi]1'equa1
zero with the other three variables exceeding zero anq that the_appropr1ate
value of X, will be generated automatically via the first equation in (7).

The four preceding equations may be viewed conveniently in terms of the
ideas presented in the previous section. Given their format, with X,, 51,
S, and $3 each having a coefficient of one in one eguation and zero in the
others, these variables may be viewed as a basis yielding the solution:

Xg=0:5=8:5 ~5; 8 =8 (Basis variables)
X, =0 ; Xe=0 {Mon-baszis wariables}

Because two of Xy, Xs, Sis S2. Sz equal zero, it is known that this is a
possible solution to the linear programming problem i.e. it corresponds to an
outer point of the solution space. Geometrically, with X, = X, = 0, this point
is the arigin (Figure 1{b}].

Before proceeding, and following the principles presented in the previous
section, the equations (7) may be summarised in tabular form :

basis | X Xi X S, Sz Sa SOLUTION | RATIO ‘
X T -2 -3 o o o 0 l
S5 0 2 1 T30 0 8 8
S» 0 1 o 0 5 5
54 0 12 0 0 1) 8 4

1

Note that by convention, the row and column relating to the objective {X;}

are separated by a vertical and horizontal line respectively. Ignore the
'ratio' column for the moment. In the context of linear programming, a tabular
representation of a problem in this format is called a Simplex tableau.

In order to discover a solution to the farmer-crop problem which_yie]ds
a higher profit {i.e. Xo value) than X; = X; = 0, we view the constraint
equations in the simplex tableau in terms of a change of basls aoperation.
Such an operation would involve one of X, X: {being the varfables currently
outside the basis) entering it and one of S;, S2, §; leaving. Consider first
the choice of an entering variable. To allow X, or X: to enter the basis and
take a positive value is equivalent in real terms to permitting the farmer
to commence growing either crop 1 or crop 2. From the viewpoint of the farmer
desiring to maximise profit, crop 2 is the better choice for, as may be seen
from the objective function or from the first row of the simplex tableau

15



(recalling that a positive value in the original objective takes a negative
sign when converted to equation form), each ton of crop 2 produced yields a
profit of 3 units as against only 2 units for crop 1. This suggests the
following general rule for choosing a variable to enter the basis in a change
of basis operation on a simplex tableau:

RULE 1 : Tn a maximisation problem, choose as the variable to enter the
basis that with the largest negative coefficient in the objective row (in the
case of a tie, choose either variable).

] Consider now the choice of a varfable to leave the basis. Given that X,
15 1o enter the basis and still bearing fn mind that profit is to be maximised,
the farmer would wish to grow as much of crop 2 as possible {i.e. make ¥: as
Targe as possible) within the bounds of the resources available {1.e. con-
straints), Inspection of the geometry of the solution space (Figure (b))
demonstrates that in terms of the land constraint ¥ may increase from 0 to
g, in terms of the labour constraint from O to 5, and in terms of the water
constraint from O to4.Consideration of the three 1imits simultaneously shows
thap the severest restriction {as given by the minimum of the thres upper
limits) is imposed by the constraint relating to water : when ¥, reaches 4
i.e¢. the point C of the solution space, the solution lies on thiz constraint
and, algebraically, S; = 0. This demonstrates that S; is the variable to
Teave the hasis.

In terms of the simplex tableau, the testing of each constraint followed
by identification of the variable to Teave the basis may be conducted as
follows:

RULE 2 :For each constraint in turn, divide the entry in the 'solution
column by the entry in the column of the variable entering the basis, record-
ing the result in the 'ratio' column. Ignore all negative ratios. The row
variable corresponding to the smallest positive ratio is the one to leave the
basis. (In the case of a tie choose either variable.) Note that the ratios
obtained by applying this rule to the farmer-crop problem correspond to the
amounts by which X, can increase within the bounds of each constraint and
thus‘that application of rule two is the algebraic equivalent of the geg-
metrical steps discussed above.

Given that X, fs to enter the basis and that S; is to leave and following
the methods of the previous section, it is required that the equations he
pivoted an the term in the row Tabelled Sy and columm labelled X,. This is
achieved by dividing the 33 row throughout by two (to yield the required co-
efficient of one) and then by multiplying the revised row in turn by -3, 1
22@ ; and subtracting from, in turn, the X,, $; and 5, rows to give {check

15 )@

BASIS ] Xe X X T_ s s, —S_:”_.r--SE]LUTION " raTIO

R BEEE R Bz !' 10

s o |3z o | o a2 4 8/3 |

52 9 G2, o | o ) A 1 L2

X2 0 e 2, 1o 0 1/2 4 ;o8
i I ! i
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From the tableau, the new solution is:
X =12 35S, =455, =1; ¥ =4 (Basis variables)
£y = 03 8, =0 {Non-basis variables)

which, as expected, corresponds to the point C on the graph (Figure 1(b)).

consider now the possibility of further improving the solution (i.e.
of further raising X,) via another change of basis operation. Inspection re-
veals one negative value (for ¥} in the X, row of the simplex tableau which,
following rule one, demonstrates that Xi; should enter the basis. The maanitude
of the negative valug, -1/2, indicates that for each unit increase in ¥, with
adjustment to X: to keep within the bounds of the constraints, X, will in-
crease by 1/2. The relative magnitudes of the ratios between the solution and
¥: columns indicates that 5; should leave the basis. The pivoting operation
on the term in the row labelTed 5, and column labelied X; fnvolves multiplying
the 5, row across by 2 and then muitiplying the revised row in tuen by -1/2,
342, 1/2 and subtracting from the X,, 51, X, rows respectively which yields
{check this):

BASIS | % X, X S, S; Ss SOLUTION RATIO
SRS SR SR

Xs ET 0 0 0 1 1 13

5 Lo 0o 0 O 1

1 0 (™ o 0 2 - 2
| Xe ] o {1 o - 1 3

which corresponds to the solution:
X0 =13 3 5. =13 Xy =2 3 Xz =3 {Basis variables)
S2= 0 ;58;,=0 {Non-basis variables)

This solution corresponds to the point D in Figure 1 and is in fact the
optimal solution. The Tatter point can be verified from the revised simplex
tableau by noting that no variable in the Xy row now has & negative coefficient
and could thus enter the basis and raise X;. For completeness, rule one must
be extended to read in full:

RULE 1 : In a maximisation problem, choose as the variable to enter the
basis that with the largest negative coefficient in the objective row; (in
the case of a tie, choose either variable). If there are no negative co-
efficients in the ¥, row., the optimum has been defined.

The complete simplex procedure for a maximisation problem with all 'less
than or equals' constraints is summarised in Figure 2. Algebraically, the
method may be viewed as involving a series of change of basis operations per-
formed on simplex tableaus. On each occasion, the entering variable is chosen
as that offering the greatest per unit increase in the objective. Geometrical-
Ty, the simplex method may be viewed as commencing at the origin and of pro-
ceeding Togically along the outer edges of the solution space from outer
point to outer point until the optimal solution Tocation is reached.

17
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Fig. 2 Summary of Simplex Procedure for a Maximisation Problem with all
'Tess than or equals' constraints

The simplex method has been used here to solve a linear programming
problem comprising two decision variables and three constraints. The methods
discussed can be used to solve a Tinear programming maximisation problem com-
prising (within reason) any number of decision variables and less than or
equals constraints. The only difference would be the increased size of the
simplex tableaus. This ability to deal with problems of any size represents
the most important advantage of the simplex method over the graphical approach.

Two further features of the method should be noted. First, the optimal
solution is approached via a number of steps or iterations, each bringing
one further (by means of an increase in X,) towards the optimal solution.
Many optimisation methods proceed in this manner. Second, given that the
method involves finding the optimal solution by 'tracking' successively from
one outer point of the solution space to another, the rate at which the solu-
tion is Tikely to be reached in a particular problem obviously depends very
much on the number of such points which, given that these occur at the inter-
sections of constraint Tines, is related to the number of constraints. Thus,
in general, a linear programming problem with many constraints and few vari-
ables is more time consuming to solve using the simplex method than one with
many variables and few constraints.

(iv) Generalisation of the Simplex Method

In the preceding section, the simplex method is applied to a linear pro-
gramming maximisation problem with two (and ultimately any number of) decision
variables and with three (and ultimately any number of) constraints. we now
consider how the method may be adapted to deal with the other constraint
types ( >= and =) and with minimisation thereby providing a technique for
solving any Tinear programming problem. The only case requiring additional
theory concerns '>="' conNnstraints .

Consider the Tinear programming problem:

Maximise : ZX.1 + 3X.
Subject to {s.t.} : X+ 3% 23
oo+ Ko 2
¥y + 24, S 8 Xp, X2 2 0.

This is the farmer-crop problem but with the first constraint replaced by a
relationship of the 'Z' type, In reality, such a constraint could represent
(say) a stipulation by government that at least a certain amount of crop 1
and/or 2 be grown. Graphical representation of the problem (Figure 3) demon-
strates that the optimal solution is the same as before. The major difference
is that the new constraint excludes an area including the origin from the
solution space (ACDB'A'). Quite obviously, this has implications for the sim-
plex method for, as demonstrated, the initial simplex tableau has X, and ¥
as non-basis variables {i.e. equal to zero), which corresponds geometrically
to the solution being at the origin.

Algebraically, the difficulty raised by the 'greater than or equals'
constraint can be seen by rewriting the problem in equation form, which yields:

Solve: Xo= 2%, - . =2 0
X1+ 32 - 5y 3
X+ ¥y + 5, -5
X, + 2%; + S, 8
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Fig. 3 Graphical representation of problem with one 'greater
than or equals' constraint

As before, considering Xp, 5., 53, 53 85 the basis yields the solution:
Xop =035 =-3; 5% =535 =28 (Basis variables}
¥: =03 % =10 (Non-basis variables)

which s not permissible because one of the constraint variables, S, is
negative which indicates that the point to which it refers, 0, is not in the
solution space.

In order to surmount this difficulty and, in particular, to produce an
allowable initial selution with Xy and X; outside the basis {i.e. equal to
zero as required) consider the problem:

Maximise: 2¥, + 3%, - MR,
.t X1+ 3, + R, 23
Ay + ¥s =5
Ko+ 2%, 8 {1, %2, Rt 20

where R; is a new variable and M is a very large number {say one million}.
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This is in fact the previous problem with one times R. added to the greater
than or equals constraint and -M times R, added to the objective. What valee
would Ry be expected to take in the optimal solution ? Given that the co-
efficient of Ry in the objective is -M and that this is a maximisation prob-
lem, even a small value of R, would dramatically reduce the objective value.
Thus, unless there are exceptional circumstances, Ry will equal zero in the
optimal solution. If this is so, the problem remaining {and thus its solu-
tion) is effectively the initial problem. In a sense, the variable R, appears
superfluous for it has been formulated in such a way as to ensure its dis-
appearance’

~_The major use of R, is that it offers a means of providing an initial
simplex tableau, Expressing the revised problem in tableau form with R,
replacing 5, yields:

)‘-'a X1 X; 51 Rl Sz 53 I SDLUTIUN
1 -2 -3 0 M 0 o 0
1 3 -] 1 Q 0 3‘h__
1 1 0 0 1 o 5
1 2 0 0 1 8

With one_exception, the M in the R; column of the objective row, this tableau
may be viewed as a solution with Ry, S; and $; as basis. The M term may be
removed by multiplying the Ry row by M and subtracting the product from the
Xy row o give:

| BASIS X Xi X2 S | Ry S, Ss | SOLUTION | RATIQ
DX oy () |-2-M -3 oM o 0 0 ~3M
| A = =
Ry 0 1 3] - if\lj- 0 0 3 1
S, 0 1 1 0 fo U o 5
Sy 0 1 2 o o o 8 4

and thus the solution:
Ko = -3M ; Ry =3 ;5:=5738; =8 (Basis variables)
Xp = 0 X =0, 8 <=0

which is permissible because all the constraint variables (decisions and
slacks) are greater than or equal to zero.

{Non-basis variables)

In order to investigate why the introduction of R; permits a feasible
solution with Xy = X, = 0, consider the geometry of the extended problem,
Because there are three decision variables (X, X;, Ry}, a three dimensional
representation is required {(Figure 4). The constraint:

X+ 3%, + Ry 23

requires that the optimal solution 1ies above the sloping plane AA'A" whereas
the Tess than or equals constraints together require that it Ties below two

-
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Maximise : 2)(l+ 3-)(2 - MR

Subject to: X, +3X, >3
X, X, + X,
‘ X, +2X, <8

X+ 2X2= B8 2
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4 4 8 1

8 X#X2=5

Fig. 4 Graphical representation of extended problem with
one greater than or equals' constraint

planes meeting at an angle. The solution space in the plane %1, X. (<haded}
i5 as in the previous problem; it is open ended in the direction R;. The
initial solution corresponds to the point A". Thus the overall effect of in-
troducing Ry is to extend the solutior space into a third dimension and to
provide a solution space corner point with X, = X, = 0.

Returning to the intial tableauw. inspection of the X, row demonstrates
that X; should enter the basis while R, should leave. Pivoting yields (check
this):

BASIS | Xo | X1 Xz Sy | Ry S, Sy | SOLUTION | RATIO
Xq S VI B O B o | 3

e 00 3o a0 0 1 -ve.
! - —

S o |2z o 3 ;0 o0 4 12
. Lo |13 o gyl o (D 9

the solution of which corresponds to the point A in Figure 4. Notice that
the solution has now entered the X,, X: plane i.e. the plane of the original
problem with, as expected, R, = 0

Viewing the revised simpTex tableau in terms of a further change of
basis operation presents two equally suitable candidates for entry to the
basis: X; and §,. Arbitrarily choosing S,, with S; left as it is associated
with the smallest positive ratio. ylelds after pivoting:

BASIS Xo | X5 X S, | Ry S, S, | SOLUTION | RATIO
X NEEEE o | o 32 12 o
Xz o w2 a0 0 o o 12 4 8
S 0 ji/s2z; 0 o o ) 172 1 2
S, 0 itz 0 (O i 0 3/2 9 18

Fhe soTutiqn to which corresponds to the point C in Figure 4. One further
iteration in which X, enters the basis and S, Teaves yields the final soly-
tion.

The preceding example demonstrates that the major effect of ':z' con-
straints in a linear programming problem is to force additional variables
into the problem, one for each constraint, which obviously increases ts size
and complexity. Thus problems with many 'Z' constraints tend to require a
Tonger solution time using the simplex method,

We consider now how the simplex method may be adapted to deal with
equality constraints and with a minimisation objective. The former are in-
corporated by converting each equality to two inequalities both of which mus
hold simultaneously and on which the methods discussed previously may be use
If, in a linear programming problem, it is a condition that:

X1+ %2 =5
then:

i +¥: 26

X, + %25

must hold simultaneously. The

Tatter two constraints replace the equality

for entry to the initial simplex tableau.

Turning to the case of a minimisation objective, recall that for maximis-
ation the variable chosen to enter the basis on each iteration is that offer-
ing the greatest per unit increase in Xy i.e. that with the largest negative
value in the X; row of the simpTex tableau. For minimisation, what is g¢bvigus-
1y required is the variable offering the greatest per unit decrease in ¥,

i.e, that with the largest positive value in the X, row of The simplex
tableau. Rule one thus becofies:

RULE ONE : In a minimisation problem, choose as the variable to enter the
basis that with the greatest positive coefficient in the objective row (in
the case of a tie, choose either variable). If there are no positive co-
efficients in the X, row, the optimum has been defined,
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A further alteration of technique imposed by a minimisation objective
concerns the incorporation in the objective of extra dummy variables assoc-
iated with greater than or equals constraints. Recall that for maximisation
it was argued that -M times R: should be added to the objective to ensure
that R; would be zerc in the optimal solution; for minimisation, the same
argument requires that +M times R, be added to the objective.

To illustrate the foregoing points, consider:
Minimise: 8Y, + 5Y, + 8Y,
s.t. : 2, + .o+ Yy 202
¥, 4+ Y, +2Y: 203 ¥, W Y5 2 0

Two 'greater than or equals' constraints call for the introduction of two
additional variables; let these be R; and H;. Bearing in mind that the ob-
jective is of the minimisation type, the extended problem is:

Minimise: BY¥; + 5Y; + BY: + MR. + MR,
s.t. o ¥, + Yo v ¥y + R Iz
Yl + Yy + 2‘{3 + Rz f 3 \{11 Y?, Yg, Rla R): a

Note that the positive sign for the coefficient M is justified by the fact
that this is a minimisation problem. Unless there are exceptional circum-
stances, R, and Ry will be zero in the gptimal solution for if either R,

or R: has even a small positive value, the objective value would increase
considerably. Converting the extended problem to equation form and designating
the slack variables associated with the constraints as S;' and S;' rospect-
ively yields:

Solve: ¥y - 8Y, - 3¥; - 8Y, - MR, - MR, = O
2¥y + Yi + Yo - 5! + R -2
¥i + Y2 + 2Ys - St + R, = 3

which in simplex tableau form {after adjustwments to create zero coefficients
for R, and R, in the Y, row) is (check this}:

BASIS

2 fvooY2 Yy 5t sy Ry Ry © SOLGTION
: - - B
Yo D | -8+3M S5a2M B3 oM -M 0 o 5M
i | - R P
R |0 2 1 1 -1 o | O o 2
B 1 1 2 DI o | 3

Because this is a minimisation problem, the first variable to enter the
basis should be that with the Targest positive coefficient; in this example,
given a tie, Y, or ¥; could be chosen.
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IIT SENSITIVITY TESTING AND THE DUAL

(i) Types of Sensitivity Analysis

Up to this point, the major reason for solving a Tinear programming
problem has been presented as finding the optimal solution. often, however,
this is merely the first step in a linear programming analysis for, as men-
tioned at the outset, once the optimal solution has been found, we wish to
investigate, via what is called sensitivity analysis, how it would change
for given changes in the inputs. As will be indicated, a major advantage of
the simplex method is that once the final stage tableau has been determined,
the various types of sensitivity analysis question can be answered without
re-solving the problem.

Five different types of sensitivity analysis question which correspond
to the five major inputs to any linear programming problem may be asked,
namely - how would the optimal solution alter for given changes in the:

(1) Right hand sides of constraints (e.g. for a unit increase in the amount
of Tand available in the farmer-crop problem);

(2) objective coefficients (e.g. for a unit increase in the profit per ton
grown of crop 1 in the farmer-crop problem);

(3) Technological coefficients this being the term applied to the Teft hand
side coefficients in the constraints (e.g. if the amount of land needed to
grow one ton of crop 1 decreased by one unit in the farmer-crop problem);

(4) Number of Decision variables (e.g. if a third crop with known profit and
technological coefficients was introduced into the farmer-crop problem); and

(5) Number of Constraints (e.g. if a constraint was added to or deleted from
the farmer-crop problem).

The general notion underlying sensitivity analysis is particularly
attractive to the geographer who so often is involved in assessing the effects
of changes in one set of factors (e.g. profit levels, resource availabilities)
on others (e.g. preferred Tanduse patterns as expressed by the relative amounts
of various crops grown). only the first type of sensitivity question, i.e.
concerning right hand side coefficients, is considered in detail here. It
should be remembered that the other types of sensitivity question exist and,
more important, that they may all be investigated almost as easily as that
concerning right hand side coefficients. (For a discussion see for example
Taha (1976), Chapter 4.)

(ii) Sensitivity Analysis of Right Hand Side Constraint Coefficients

Recall the optimal solution to the farmer-crop problem (Figure 1(c)):
o =133 4 =25 ¥ =3

which Ties at the intersection of the labour and water constraints. Suppose
that one extra unit of water was available making a total of nine units and
altering the third constraint of the farmer-crop problem to:

X1 +2X? < 9,

25



2
13 7
8—
‘/12 X‘+—X2 =8
& -
)(l+)(2=5
C

'u

S

T T T -1 T T X]
0 2 4 4 sc % 10
(b) X,
10 7
A -
‘,,Ex#vx2= 8
o8
B
4 \\ {X?"'X?:é
| // ) /X1+2)(2 =8
Aégg?? ! = T T 1 X
0 2 Ay B 4B 8 10
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Graphically, {Figure 5{a)) the water constraint would move to CC.' and the
optimal solution to D' giving:

Xn=]4;x:=];xz=4.

Thus an additional unit of water would yield a profit increase of one money
unit. In this sense, it can be said that the 'economic worth' of one
additional unit of water is one additional money unit.

Consider now the effect on the optimal solution of one additional Tand
unit i.e. of altering the first constraint of the farmer crop problem to:

¥ + X & 9.

Graphically (Figure 1(b)), movement of this constraint outwards from the
origin has no effect on the optimal solution, for the Tand constraint is not
one of those constraining it. Thus, it could be said that the 'economic
worth' of one additional unit of land is zero money units.

Finally, consider the effect on the optimal solution of one additional
unit of Tlabour, i.e. of altering the second constraint of the farmer-crop
problem to:

¥ + X %06,

Graphically {Figure 5{b}), the labour constraint would move to BiB,' and the
optimal solution, if it were sti11 constrained by the labour and water con-
straints, to D" i.e,

Ko =14 2 Xy =8 1 ¥e = 2,

This would Tlead to the conclusion that the 'economic worth' of one additional
unit of Tabour is one money unit. In fact, the optimal solution does not
reach D". Instead, with the Tabour constraint moved outwards, the Tland con-
straint comes into play; algebraically, the basis changes and the optimal
solution occurs at E.

The results of the three foregoing cases are summarised in Table 3.
Notice that the information in the body of this table corresponds exactly to
that in the 5;, 52, 53 columns of the ¥, row of the final stage simplex
tableau which suggests the following important interpretation rule which can
be verified mathematically:

RULE : For the final stage simplex tableau of a Tinear programming

maximis problem, the values in the X, row and in the columns of the variables
forming the initial basis {c.g. Si, Sz, S3) give the amounts by which the
objective would increase for a unit increase in the right hand side of the
constraint of which the initial basis variable is a part, assuming that no
change of basis occurs during the increase.

These X; row values are referred to variously as shadow costs, dual
variable values and simplex multipliers. For a minimisation problem, they
Yive the decrease in X; for & unit decrease in the right hand side of the
corresponding constraint, If, because of 'Z' constraints in the original
problem, M values appear as part of the shadow costs (for an example see
Section III (iii)), these should be ignored.

The most important general point to emerge from the foregoing analysis
is that by virtue of its nature, the simplex method provides yvia the final
tableau not only the optimal solution but also valuable information concerning
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Table 3. Summary of Resource Availability Sensitivity Analyses

Increase in ¥, for a unit increase inl
LAND l' LABOUR WATER
| Corresponding varfable S- r Ss iqﬁ 5y
Iin initial basis | |
Increase 0 T___ 1 ~~-~—?—--——ﬂ
N.B. ASSUMING NO CHANGE OF BASIS
e ——. —_— e —— e e —

the sensitivities of the right hand sides of the constraints. Investigation
of the mathematics underlying the other types of sensitivity question demon-
strates that they too can be answered directly or almost directly from the
final stage simplex tableau. This ability to yield sensitivity information
autﬁqftica]]y represents one of the most attractive features of the simplex
method.

(ii1) The Dual Linear Programming Problem

Reconsider the original farmer-crop problem (Problem A) and the minimis-
ation problem in Section II(iv) (Problem B) i.e.

PROBLEM A PROBLEM B

Maximise : 2X1 + 34 Minimise : 8Y: + 5Y; + BY,

s.t. 124+ X 5B st 2V + Ya4+ ¥g B 2
X1+ Xz = Yo+ ¥y +2Yy 2 3
X1+ 2% < ¥io ¥z, Y2 2 0
X., X2 2 0

Viewing these problems simultaneously suggests that they are in a sense
'opposites' for:

(1) Pproblem A concerns maximisation whereas problem B concerns minimisation;

(2) The problem A constraints are all of the 'less than or equals' type and
those of problem B are all of the 'greater than or equals' type;

(3) The objective coefficients of problem A comprise the right hand side
values of problem B and yice versa; and

(4) The technological coefficients in a particular column of problem A occur
in the same row of problem B and vice versa (e.g. the coefficients in the
second column of problem A and second row of problem B are both 1, 1, 2 res-
pectively).

Given any maximisation/minimisation linear programming problem with all
'Tess than or equals'/'greater than or equals' constraints, it would be poss-
ible to write out the 'opposite' problem such that the foregoing relationships
hold. By definition, one problem is said to be the dual of the other. It is
in fact possible to construct a dual problem for a Tinear programming problem
with a mixture of constraint types (including equalities) but this sTightly
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more difficult task is not dealt with here.

In order to investigate further the relationship between a linear pro-
gramming problem and its dual, consider the final stage tableaus for problems

A (repeated from Section II(iii)) and B:

PROBLEM A
BASIS | Xo X, X, 5, S, S, SOLUTION
X, | 0 0 0 1 1 13
s o fo 0 O 1
X, 0 o 0 0 2 -1 z
' ;™ .
X, 0 0 T 0 1 1 3
PROBLEM B (Check this)
U BASIS Y;T Y. Y, Y. S, S R, R, |SOLUTION
— - - P N
Yoo ()4 0 0 -2 -3 2-M  3-M 13
¥y 0 3 Q 0 -2 1 2 -1 1
a0 | - 0 O -1 1 1

It may be noted that:

(1] The optimal value of the sbhjective in both problems is the same

(¥ = Yp = 13}

(2} The optimal values for the decision variables in Problem A

(¥, = 2 ; Xz = 3) appear as the shadow cost values (i.e. in the R, and R;
columns of the row tabelled ¥,) in Problem B (recall M is set to zero):
likewise, the optimal values for the decision variables in PrgbIem_B

(Y, =0 ; Yz =13 Yy =1} appear as the shadow cost va!ues {i.e. in the S5,,
S,, 53 columns of the row labelled Xp) in Problem A. This explains why these
values are sometimes called the dual variable values;

(3) The optimal values for the slack variables in Problem A {51 =15
S, = 0 3 S = 0) appear (with negative signs because Problem B involves mini-
misation) beneath the variables ¥y, Y., ¥ in the ¥, row of thg Prghlem B
tableau; likewise, the optimal values for the slack variables in Problem B
(S, =103 S = 0) appear {with positive signs because Problem A involves
maximisation) beneath the variables ¥, Xz in the ¥, row of the Problem A
tableau.

The major implication of the foregoing interrelationships is that all the
information gained from the final stage tableau for Problem A can be gained
equally easily from the final stage tableau for Problem B. Thus, any linear
programming problem may be solved indirectly by applying the simplex method

to its dual.
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Recall that a Tinear programming problem with many constraints is Tlikely
to require a greater solution time especially if these constraints are of the
'greater than or equals' type. The dual of such a problem would possess many
decision variables but fewer constraints which would be of the 'less than or
equals' type and would thus be more rapidly solved. This ability of the dual
to provide an alternative problem, which may be solved more rapidly to yield
the same information, represents one of its major uses.

IV SPECIAL CASES
(i) Introduction

Each of the linear programming problems considered previously has com-
prised a definable solution space and an optimal solution which occurs at a
single outer point of that space. Algebraically, given n decision variables
and m constraints (i.e. m slack variables), the optimal solution has always
comprised exactly m constraint variables being greater than zero (in the
final basis) with the rest equalling zero. Four instances in which one of the
preceding conditions does not hold are now considered and their implications
for the simplex method and its interpretation noted.

(ii) Constraint contradiction

Consider :

Maximise @ 2¥y + 3.
5.t : 2%+ 3%, 18
X1+ ¥ %05
¥y + 2%, % 8

Graphical representation of the constraints which appear in the X,, X: plane
of Figure 6 indicates that these contain a contradiction : the first con-
straint requires that the optimal solution lies above AA' while the second
and third constraints together require that it lies below BB' and CC' res-
pectively. Thus there is no solution space or optimal solution.

In order to investigate how this condition could be recognised via the
simplex method, consider the graphical representation of the extended problem
j.e. with an additional variable, Ry (Fiqure ). The first constraint now ro-
quires that the optimal solution Ties above the sloping plane AA'AA"; the
second and third constraints together require that it Ties below the planes
formed by projecting BB' and CC' into the R: dimension. Overall, the solution
space is bounded by YY'Y" as R; tends towards (but before it reaches) zero.
Thus in the simplex method, Ry must occur in the final basis i.,e. be positive
at optimality.

Any linear programming problem with contradictory constraints will by

definition contain '2' conditions which geometrically lie above 'S' conditions.

Thus there will always be an extended problem solution space in which Ry> O
throughout. Thus, fn the simplex method, R,> O {or, if there is a number of
R variables, any R > 0) at the final iteration indicates a constraint con-
tradiction.
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(iii) Infinite Solution Space

Consider :
Maximise : 2¥; - 3X:
s.t. 3 LSTET ¥ 2
X1 8
which as illustrated (Figure possesses a solution space of infinite size.

7)
A plot of the objective Tine {P,P,') indicates that this is maximised at A.
Consider now the objective :

(P8

Maximise 1 2¥; + 3¥%;

A plot of the revised objective line (PzP,'} indicates that this increases
with distance away from the origin in the direction X; because the solution
space is infinite in this direction, so too is the optimal solution,

B
P~ 1
Y
X, - 2X,+ 3%,
6 - \.h/EMAXIMISED AT
~ INFINITY)
~
Pz
5-
4-
X-X2=2

3 -

24 “——X=06

1 -

L] . 1 )(l
0 i //2 7
-
",,
~ T2X - 3X,
l:‘1 MAXIMISED AT A

Fig. 7 Infinite Solution Space
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From the point of view of the simplex method, what is required is,
first, a means by which the existence of an infinite solution space can be
recognised and, second, a method by which to check whether the optimal sol-
ution is infinite also. Consider the initial simplex tableau for the preced-
ing problem :

BASIS X %, v iS5 S, SOLUTION ‘.
%a &k -2 +3 0 0 0
St 0 1 -1 1) 0 i 2
5, 0 1 0 0 1)

MNote that the constraint coefficients in the X; column are all less than or
equal to zero. Mathematically, it can be shown that if at any iteration in
the simplex method (it happens to be the initial iteration in this instance),
all the constraint coefficients in the column of a decision variable (¥ in
this case} are less than or equal to zero, then that decision variable may
increase to infinity. In order to check whether ¥. = = is in fact the optimal
solution in this case, substitute X, == in the original objective. This
yields - = which, given that this is a maximisation problem, is obviously
not the optimal solutien. Thus the simplex calculations should continue,
With 2¥y + 3X, as the objective, however, substitution of Xz - = yields an
objective value of + = which obviousTy is the optimal solution. Thus, in
this case, the simplex calculations should cease.

(iv) Alternative Optimal Solutions

Consider :
Maximise : 2X; + 4%,
s.t, : o+ X, 58
X1+ X, % 5
Y. o+ 2%, % 8

The solution space for this problem is as for the farmer-crop problem
(Figure 1(b)). The objective 1line would be parallel to the third (water)
constraint (check this) and, when moved as far as possible from the origin
in order to maximise profit, would coincide with the 1line segment CD. Thus
there is a range of ¥;, ¥, values which maximise the objective {i.e. there
is a range of optimal solutions).

In order to investigate how the existence of alternative optimal sol-
utions may be identified and dealt with via the simplex method, consider the
initial tableau :

BASIS J X, | ¥, A 1S, S, S, 450LUT10N RATID|
i D -2 4 [o 0 o o0 |
o 2 IO l
0 1 LI B ) A -
' 0 1 2 0o o 'ﬂ____L 8 ’
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which after the first iteration with X entering the basis and S.-Teaving
yields :

BASIS X X1 X St S S3 | SOLUTION | RATIO
Xo ) 0 0 0 0 2 16
5 0 32 0 o -2 5 8/3
S» g vz o o {1 -1 1 2
X 0 12 1) 0 0 172 4 8

which corresponds to C in Figure 1(b). The absence of negative values in the
Ao row demonstrates that this is an optimal solution; however, the existence
of a zerp coefficient for a variable outside the basis, X;, indicates that
if this variable is permitted to enter the basis, the value of the objective
will not decrease and that an alternative, egually optimal solution exists

with this variable in the basis. Permitting ¥, to enter the basis and pivoting

yields :
BASIS Xo X X2 | S Sz Ss ! SOLUTION | RATIO ;
Xa 1) 0 o 0 0 2 16 I
]
S, 0 0 0 0 -3 1 1 [Negativel
X1 1) 0 0 2 -1 2 1
X2 0 0 1) 0 -1 1 3 iNegative

which corresponds to B in Figure 1{b)}. Note now that S by virtue of a zero
coefficient in the X, row may enter the basis; X; would Teave to yield, once
more, the penultimate simplex tableau. In practice, the interchangeability
of the two solutions indicates that both are equally optimal; so too are all
those on the line segment between them, i.e. on the Tine CD in Figure 1(b).

(v)  Degeneracy

Mathematically, the term degeneracy applies loosely to any coincidence,
chance occurrence or unique situation. In the context of linear programming,
the most common degeneracy situation is where more than two constraints/axes
intersect at an outer point of the solution space.

Consider :
Maximise : 2X; + 3X;

s.t.ose By + 65X 520
X1+ X2 5B
¥+ 24, = 8
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Graphical representation of the solution space (Figure 8) demonstrates that,
by chance, the ¥ axis (¥X; = 0) and the first (S; — 0] and third {5, = 0]
constraints all meet at A. The initial simplex tableau is :

[ BASTS X, X2 X Sy S» S, SOLUTION | RATIO
Xe ) -2 -3 0 0 0 0
i ——— .
s 0 2 5 i Do o 20 4
Se 0 1 1 o ) o 5 5
S5 0 1 ‘ 0 04 8 4

On the first iteration X: enters the basis whereas, because of a tie between
ratios, either Sy or Si; may leave. This indicates (as confirmed graphically)
that as X increases it is ultimately constrained simultaneously by the first
and third constraints, Arbitrarily choosing 5, to Teave the basis gives :

BASIS Xe X1 Xz S, S, S5 | SOLUTION
%o DL s 0 3/5 0 0 12
Xs 0 2/5 D Tas o 0 4
Sz 0 3/5 o l-iys Do 1
Ss 0 1/5 o |-z o (D 0

which corresponds to A (Figure 8). Notice that in this tabieau one of the
basis variables, S3, eguals 2ere in addition to zeros for the non-basis
variables. The greater number of zero variables than expected signals de-
generacy. Mathematically, it poses no particular problem and the simplex
calculations may continue normally. (Check that the optimal solution is en-
countered after two further jterations.)

Two features of degeneracy vis a vis the simplex method deserve mention.
First, with degeneracy the number of iterations required to reach the optimal
solution depends to some extent on the arbitrary decisions taken concerning
equally suitable variables to leave the basis. (Check that if s3 rather than

S, leaves the basis in the initial iteration of the preceding example, the
optimal solution is reached one iteration earlier.) Second, in exceptional
circumstances (which are not discussed further here) it is possible for
degeneracy to cause simplex calculations to enter an eternal Toop throwing
up alternately simplex tableaus which relate to the same degenerate solution
point. The optimum is thus never reached. Such an event is extremely rare
and it is not considered further here.
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V EXAMPLES
(i) Introduction

The preceding sections together demonstrate how any linear programming
problem may be solved and the results interpreted. In the context of an
actual study, this process of solution and interpretation can take place only
after an initial important task has been performed: that of identifying the
problem concerned as a Tinear programming problem in the first place. As
mentioned at the outset, the range of applications of linear programming
problems is very great. To a large extent, the skill of recognising and ex-
pressing any one problem in terms of linear programming is one achieved
through experience and through familiarity with previous studies. Three such
studies are now discussed.

(ii) Human Diet

Gould and Sparks (1969) investigated the problem of finding for each of
twenty-four town locations in Southern Guatemala the amounts of each of a set
of available foods which should be included in a diet to minimise diet cost
while meeting certain minimum nutritional requirements for calories, proteins
and vitamins. Consider the case of three foods (eggs, oranges and tortillas)
available at a particular location at costs of 9, 3 and 1 cent(s) per 100
grammes respectively. Each 100 grammes of a particular food purchased yields
a known quantity of calories, protein and vitamin C (Table 4): the minimum
requirements in a (daily) diet are 2700 calories, 65 grammes and 2000 units
respectively. Following the logic employed in the farmer-crop problem. with
1, Xoy Ha equa111ng the amount of each food to be purchased, the minimum
cost diet problem is :

Minimise : 9%y + 3% + Xy
s.t. 0 160.0Xy + 69.0%, + 201.0%s 2 2700
M3+ 0.8% +  5.5% 2 45
1.0%, + 200.0% +  0.0%; 2 2000

which is a 1inear programming problem.

Table 4. Human Diet Problem : Input Data

Yield Per 100 Grammes
Eggs Oranges Tortillas
i
f

J
i Calories 160.0 69.0 201.
|

Frotein 11.3 0.8
Vitamin € 1.0 200.0 0.0
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Gould and Sparks' initial formulation actually involves forty foods
(i.e. decision variables) and nine minimum dietary requirements (i.e. con-
straints). The cost of each of the forty foods (and thus the form of the ob-
jective) differs for each of the twenty-four town locations and the Tinear
programming problem is solved for each in turn. The regional variation in the
cost of the least cost diet is presented in the form of an isoline map
(Figure 9) and demonstrates, for example, the intensity of the price peaks
at the large urban agglomerations caused by increased demand and thus higher
food prices. Gould and Sparks subject their initial solutions to two types of
sensitivity analysis. First, additional constraints which reflect both fur-
ther dietary requirements and preferences based on cultural differences be-
tween towns are added; the problem is re-solved for the twenty-four towns
and the isoline map re-plotted. Secondly, the amounts by which the prices of
foods not in the optimal diet would have to fall in order to be so included
is investigated. These two types of sensitivity analysis correspond respect-
ively to the fifth and second types Tisted in Section III(i).

Gould and Sparks' study demonstrates both the flexibility offered by
Tinear programming for investigating geographical problems of practical
significance and some of the difficulties that can arise when employing the
method. Concerning the latter, it can be noted that the input data require-
ments for a linear programming study are often fairly severe, comprising in
the Guatemala case the price per 100 grammes of forty foods at twenty-four
Tocations, the number of calories, vitamins, etc. yielded by 100 grammes of
each of these foods, and minimum dietary requirements. Fortunately, all of
this information was available to Gould and Sparks; sometimes, this is not
the case. Another difficulty which often arises with linear programming con-
cerns the sheer volume of data involved. Gould and Sparks' initial formulation
involves forty decision variables and nine constraints which would not be
considered to be particularly large. Yet, to solve the resultant programming
problem by hand using the methods discussed previously would prove exceedingly
time consuming. For this reason, many real-world Tinear programming problems
are solved by computer (Section VI(i)).

(ii1)  Irrigation

Soltani-Mohammadi (1972) considers the problem of determining which of
two types of irrigation technique (conventional surface and sprinkler) should
be employed in the Ghazvin area west of Teheran,Iran and, given the technique
chosen, the amounts of each of twelve crops that should be grown in order to
maximise profit. The problem is approached by solving two linear programming
problems, one for each irrigation technique, and comparing the results.

If ¢z is the profit per unit and X3 the amount of crop j grown, then,
mathematically, the objective is

Maximise : ¢; ¥1 + €z %y +...+ CraXis.

Consider the case of conventional surface irrigation. To grow crops using
this method involves using known quantities of five resources: land, water,
skilled Tabour, unskilled labour and machinery. Given the amount of resource
i used up per unit of crop j produced (a;;) and the toial amount of this re-
source available (by), then, following the Togic of the farmer-crep problem,
fiye constraints of the form :

< N
+ ., = h, ; = 1,....
a5, Xl A, X2 .-t ailuxlu ' * *
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may be defined. Soltani-Mohammadi introduces nine additional constraints re-
lating to various market and crop rotation limitations (e.g. concerning the
maximum amounts of certain crops that may be grown). Solution yields the
amount of each crop that should be arown to vield maximum profit under con-
ventional irrigation. Adjusting the a;j values in the constraints to reflect
sprinkler technology yields a vevised soltution and maximum profit Tevel. In
the case of Soltani-Mohammadi's example, the results demonstrate that sprink-
ler technology would return the higher profit. The optimal sprinkler tech-
nology solution is constrained by the water and skilled labour availability
constraints (indicated by slack variable values of zero associated with these)
and the extent to which profit would increase with a unit increase in these
resources is investigated via the methods of Section III(ii). Soltani-
Mohammadi also calculates the extent to which the availability of water and
skilled Tabour would have to alter in order to cause conventional irrigation
to return the higher profit.

(iv) Urban Development

An area in which Tinear programming has been employed to advantage by
a number of workers is that of determining the amount of various landuses
that should be permitted in a specific urban development scheme in order to
fulfil some objective such as to maximise total return from sales while keep-
ing within the bounds of stated planning and other criteria. Laidlaw (1972)
(for further examples see Herbert and Stevens (1960) and Heroux and wallace
(1975)) discusses a number of examples commencing with the following (slightly
altered) hypothetical case which demonstrates the general approach.

Ten acres of a town are to be developed with a mix of middle income and
high income housing. The former sells for £15 000 per house with 20 houses
per acre (0.05 acres per house) and the latter for £20 000 per house with
12 houses per acre (0,083 acres per house}. [f X,, X2 are the total number
of middle and high income houses to be constructed and it is required that
return from sales be maximised, then the objective is :

Maximise : 15000 X, + 20000 X,

Upper and/or lTower 1imits on the number of a specific housetype or the total
number of houses {¥; + ¥;) that may be built can be expressed by such con-
straints as

% Z 70
X + Y I o155
A constraint requiring that (say) the number of middle income houses is not
more than twice the number of high income houses is given by :
¥ 2%
i.e. ¥y - 2%, i}
Angpther constraint myst be that the total amount of land develuped does not
exceed that availahle i.e.
0.05X, +  0.083 %, 10

A further constraint could relate to the types of resident in the final

development. If it is known that 22 per cent and 16 per cent of the middle
and high income households respectively will be occupied by single persons
and if it is required that (say) no more than 20 per cent of households in

LA by
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the final project be occupied by single persons then :
0.22%  + 0.16 o = 0.2 {X1 + Xu)
i.e. p.02%, - 0.04 X I D

A further constraint could relate to mortgage payments; if 97 per cent of
the cost of a low income house (£14 500) and 90 per cent of the cost of a
middle income house (£18 000) is available through a mortgage scheme and if
£2 475 000 have been set aside as the maximum amount available for mortgage
purposes, then :

14500 %, + 18000 X, 2475000.

The preceding problem is a linear programming problem and indeed, by
virtue of having two decision variables, could be solved graphically. More
generally and realistically, there could be any number of landuse types
(decision variables) and constraints. Laidlaw discusses a number of real
world applications including development projects in Jersey City, New York
and Baltimore and, in particular, highlights the practical significance of
the special cases discussed in Section IV. One most valuable contribution of
Tlinear programming in a situation where there are many decision variables and
constraints can be to indicate whether, in fact, there is any feasible solu-
tion. Again, linear programming can indicate whether, by virtue of the exist-
ence of alternative optimal solutions, the planner possesses a degree of
latitude in fulfilling his objective. Sometimes in a planning context, differ-
ent interest groups claim that different objectives and/or constraints are
most appropriate; it can emerge via linear programming that both objective/
constraint sets lead to highly similar solutions and thus that to argue be-
tween them is unnecessary.

VI_FURTHER TOPICS

(i) Computer Programs

Most real-world Tinear programming problems involve too many decision
variables and constraints for solution by hand. Fortunately, as demonstrated,
applying the simplex method comprises performing a set of precisely defined
mathematical calculations repetitively without the need for human judgement.
Thus it is amenable to programming and solution by computer.

Most computer installations possess Tlinear programming packages with
information as to how these may be used: such packages usually solve a given
problem and then, if required, perform many types of sensitivity analysis.
Before employing the computer to deal with a specific linear programming
problem, the precise information required should be defined carefully; the
temptation of obtaining as much data output as possible irrespective of its
meaning or relevance should be avoided.

(ii) Notation
Consider a linear programming maximisation problem, with o decision
variahles and m constraints of the '£' type. Using the notation employsd in

Section ¥{iii}, the problem is:
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Maximise : cy Xy + €2 X2 +...+ Cp X

s.t. o an Xy + a3y, Kute ot agn Xp S hy

+

Fa1X1 + dzz ¥et...+ dup Xp S by

A1 X1t dpe Kot 4 dpgn Xp T bp

Xeo Mg, oon o Xg 2 0
Mathematically, this may be summarised as :
Maximise - ﬁi cy Ky
i=
: <
s.t. : ;é%aij X, * b, & i=t, 2, .
X, 2 0 j=1, 2, ..., n.

J

This is the usual format in which Tinear programming problems are presented
in the literature although the actual Tetter notation varies. Following

Section III(iii), the dual of the preceding problem involves m decision var-
iables and n constraints. Denoting the former as ¥,, Ya, ...

m
Minimise : b, ¥
2

Y. 2o o5 ist, 4, ..., m
This is the usual format in which the dual is presented in the literature.

(ii1) The Transportation and Related Problem's

A previous publication in the CATMOG series (Hay, 1977) considers what
is known as the transportation problem of Tinear programming. The objective
comprises finding the pattern of flows for a particular product between a set
of supply points (e.g. factories) and demand points (e.g. towns) such that
total transportation costs are minimised. Consider the case of two supply
points, A and As, with a; and & units of preduct available for shipment. and
of two demand points, Ny and M., requiring n; and n: units of product res-
pectively. Then, following the notation and approach of Hay (pp. 4-7), #f
mij s the cost of transporting cne unit of produce from Aj to Mj, fi; is the
number of units to be sent from i to j and the total supply avaifab]e,

{a; + a;) equals the total demand requivement, (n; + n,), the problem is:

Minimise : Miy Fro + Mya Fro +# may Fa1 + Mgy Tas
3 A fi1 + fis = A
fz1 + faz = @z
i + fay =
fiz + f22 = ny
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s Yo, the dual is:

where fi1, fiz, f21, faz %2 0} are the decision variables. Note that this is
a Tinear programming problem as defined in Section I{i{i) and that it could
therefore be solved using the simplex method. Note too, however, that the
problem possesses two special features (which would hold true for any number
of supply and demand points provided total supply equals total demand): first,
the coefficients of the decision variables in the constraints all equal either
one or zero and, second, all the constraints are equalities. In a mathematical
sense, the transportation problem thus represents a special (and simpler) case
of Tinear programming and it is for this reason that the more straightforward
methods described by Hay can be employed to solve it.

It should be noted that a number of other linear programming problems
exist which, by virtue of a special structure can, if required, be solved

using more straightforward methods. A number of these which are of relevance
to geographers are discussed by Scott (1971).

APPENDIX
SOLVING SIMULTANEQUS LINEAR EQUATIONS
Consider the pair of equations :

2%, + 3%,

il
oo

3, + 5X, =13 )

Suppose that the numerical values of X; and X2 which cause both equations fo
hold true are required. The usual method of finding these values is to begin
by eliminating one of the variables using multiplication and subtraction.
Thus, multiplying the first equation in (A1) across by three and the second
across by two yields :

0¥y + 9%, = 24

e

1

1

1

[}

1

1

1

1

I

I

1

1
———
I
~J

6X, + 10%, = 26
Sybtraction eliminates X; and gives :
-Xp = =2
or Xz = 2. X, may now be found by substituting Xz = 2 in either of the
original equations (A1) which gives :
1= 1

That ¥, = 1, ¥> = 2 are indeed the numerical values of X; and X; which cause
both of the original equations to hold true can be checked by substituting
these values in the left hand sides of (A1) which yields :

I

2{1y + 3{2) 8
3{(1) + 5(2) 13
Finding the numerical values of variables such as X¥; and ¥, which to-
gether cause a set of equations such as those in (A1) to hold true is often

referred to as solving simultaneous linear eguations. In performing this task
above, use was made of an important mathematical property namely :

equations can be multiplied or divided across by chosen constants without

= 1=,
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altering their solution. Note that when Xy = 1, X, = 2 are substituted in
The Teft Fand sides of (A2). these equations also hold,which demonstrates
the property. The equation sets (A1} and (AZ) are said to be equally valid.

Another important mathematical property of simultaneous linear equations
is that : an eguation can be multiplied or divided across by a constant and
then added to or subtracted from another equation without altering the sol-

ution_of the resulting equations. Thus in (A1), subtracting (say) twice the
first equation from the second yields the revised equation set :

Dy + 3K, = 8 )

- X3 - Xz o= -3 }
Substituting %1 = 1, Xz = 2 shows that (A1) and (A3} are equally valid thus
demonstrating the property.
Consider now the task of rewriting the equation set (Al) such that the
Teft hand sides are :

'”(1 + 0¥z

1]
-
pa—

0Xs + 1X2 = ? 3

Placing the equations in this form can be achieved by‘jgdiciouslu?e of the
two rules stated previously. First, to create a coefficient of 1" for ¥,
in the first equation, divide it across by ‘2'

16y + 3/2 %2 = 4 )

3+ 5 K =13 )
Now, to create a coefficient of '0' for Xy in the second eguation, multiply
the first equation in (AS) across by three and subtract it from the second :

1% + 3/2 %2 = & )}

0¥, +1/2 %= 1}
Now, te create a coefficient of '1' for ¥z in the second equation, multiply

this equation across by 2
X1 + 3/2 %y = & )

OX_l + 1 s = 2 }
te a coefficient of '0' for X, in the first equation, multiply

! * t . -
e e esun and subtract it from the first :

the second equation across by '3/27
1% +0¥= 1 ]

OXp +1 %= 2 }
id i i . her-
Tne left hand sides of {AB) are now in the format required by (A4}. Furt
more, this format allows the solution values for ¥, and X, to be read off
directly for, ignoring the zerc coefficients, the_equat10ns (AB) state :
%, =1, ¥» = 2. For this reason, the task of solving simultaneous linear
equations may, if required, be viewed as one of using the two rules stated

above to adjust the left hand sides of the equations to a format which enables

the solutions to be read off directly.
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For two equations and two unknown variables, use of the approach of
(A4)-(A8) to determine the solution values may seem complicated compared with
that of (A1)-(A2). Its advantage becomes evident when there are more than
two equations and unknowns. Consider :

2x1+3X2 +X3-X4 = 5 )
}
3Ky 4+ 5X; 42Ky - 3%, = 3 )
} oo A9
X1 + xz + Xs + X.. = 8 ) ( )
}
)

¥y + 3XZ '2X3 + X, = 9

Here, it is difficult to envisage how the values i

! ae of X1, X2, Xs, X4 which en-
able al?l fqur equations to hold simueltaneously could bé deéerm;ne; using the
approach discussed at the outset of the appendix. Thus it is more convenient
to view the problem as cne of adjusting the formats of the left hand sides
of the equations to give ultimately :

X, + 0¥y + 0Ky + OX, = 7

0Ky + 1Xz + 0%y + 0X,

1]
-2

Oy + 0¥, + 1%; + 0%, = 2
OXy + 0¥z + OXs + 1%, = 7

Again, this may be achieved by Judicieus application of i
rg]es stateq prevjousTy. First, to create gpcoefficient §2e|}vof:it§em?ﬁ1gz;
first equation, divide this across by '2'. Next, to create zero coef%icients
for X in the other rows, multiply the revised first row by 3, 1 and T and
subtract it from the second, third and fourth rows respectivefy Now repeat
;he p;oce;s 1n4§urn on Xz, X3 Xo. {The final answer g X1 =1 ’ P

3 = 2 Ay = .

A final important point to note concerning si i
] i : " g simultanecus linear equations
is thgt in order to obtain numerical values for the unknowns , the numger ofn
equations must at least equal the number of unknowns, Thys in the case of :

2+ et Xy - A= 5 )

y X2 = 2

31 + 5% + 25 - 3% = 3§

unigue values for X1, X., X, X, cannot be determined £ -
knowns but only two equations. The determination of va?ﬁgstﬁsretﬁgeu:Eﬁgwgg
in (A11) only becomes possible if some of these vaiues are given: e.g.if it
is given that Xg = X4 = 0, then, automatically {because there are now.effect-
ively two equations and two unknowns) X; = 16 and X, = -9 ; again, if it is
given that in (A11) X, = %, = D then, automatically, X, = 7 and X; = -3, i
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