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[_INTRODUCTION

Classification, as described in an earlier monograph in this series-
(Johnston, 1976a), is a fundamental aspect of scientific activity. Prior to
any analysis, the classes of phenomena under consideration must be clearly
defined (Grigg, 1965). In addition, classification's widely used, as a
descriptive tool, summarising large data sets in a readily appreciated format
(see Openshaw, 1983).

Classification is widely used in geography, both as a descriptive metho-
dology and as a prelude to scientific analysis. A great variety of classi-
fication methods is available (for a review see Everitt, 1974) and a con-
siderable number have been applied by geographers. Introductions to these
are provided in several texts (e.g. Mather, 1976; Johnston, 1976a, 1978).
Unfortunately, most of these methods - including those employed in the popu-
Tar CLUSTAN computer program package (wWishart, 1978) - are not well-suited
to many geographical data sets, because of the problems of orthogonalisation
and closed number sets (see Johnston, 1977, 1978; Evans and Jones, 1981).
Thus geographers have been investigating other methods that may be more
appropriate to their data (see Gatrell, 1981; Beaumont and Gatrell, 1982).
The present monograph outlines one such method, indicating its statistical
basis, illustrating its use, and providing a computer program for its applic-
ation.

II_INFORMATION THEORY: AN INTRODUCTION

Information theory provides a means of analysing closed number sets.
with it one can both categorise an individual distribution and compare two
or more distributions. Its characteristics have been outlined for geographers
in an earlier monograph in this series (Thomas, 1981), as well as in other
texts (e.g. Chapman, 1977, chapter 8). For fuller treatment relevant to geo-
graphical applications see Theil (1972), and for applications relating to
classification (in ecology) see williams, Lambert and Lance (1976) and orloci
(1968). only those aspects of information theory relevant to the classific-
ation algorithm presented here are outlined in the present section.

To illustrate our presentation we use the small data set in Table 1.
This shows the proportion of the votes cast for each of three political par-
ties in six separate constituencies.

For constituency A, the distribution [0.55, 0.25, 0.20] can be cate-
gorized by a single, information, measure. This is the average uncertainty
of the various proportions, and is calculated by the formula

n n
H= L p, Tog {*/ } = - p, log p, (1)
=1 1% By 1= 1 2R



Table 1. The hypothetical distribution of votes in six constituencies

Party
Constituency Conservative Labour So-Dem-Al1
A 0.55 0.25 0.20
B 0.20 0.65 0.15
C 0.35 0.48 0.17
D 0.25 0.45 0.30
E 0.55 0.20 0.25
F 0.30 0.30 0.40

where

p; is the proportion in the ith component of the distribution
n is the number of components in the distribution, and

H is the information measure.

The information value is calculated using logarithms to base two* since it
is a binary measure of information content based on yes-no replies to ques-
tions which when answered decrease our uncertainty. (See Chapman, 1977,
pp. 228ff. for further details.)

For the distribution [0.55, 0.25, 0.20] the information content, using
formula (1) is

0.55 lag, (1.8182) + 0.25 log, (4) + 0.20 logs {5) = 1.4389

In itself, this measure of the information content of a distribution is a
dimensionless number whose value represents the average number of questions
that must be asked with yes-no answers to find out each party's proportional
vote. If one party got all the votes our uncertainty about the other parties'
votes would be zero. Our uncertainty is maximised when we know that the vote
is equally distributed across all parties. To discover that this was the
case, ¢iven three parties, we would ask an average 1.5851 questions. Using
formuia {1}, -3(1ﬁ3 log Ié } = 1.5851. This maximuin uncertainty, H__ , is
defined as 2 max

n

Hmax =- k %
i=1

= Tog, n {2}

=

log

2

with the six constituencies in Table 1, the values of H are
A 1.4389 B 1.2790 C 1.4731
D 1.5397 E 1.4389 F 1.5711

Thus we are least certain about the Tocation of any particular voter in
constituency F, and most certain in B.

The bdse two logarithm can be obtained as ‘the base ten logarithm
multiplied by 3.3223.

4

For any distribution, therefore, there is a maximum value of H which is
directly related to n. The relationship between H .. and H_,, can be ex-
pressed as a measure of information gain. That is when H ="zéro we have no
uncertainty; when H = Hpax we have total uncertainty. By asking gquestions
we gain information and thus move towards a position of less uncertainty.
Information gain may be defined as

I=1og, n-H {3)

As indicated by formula (2}, the maximum value for H gver n compgnents is
achfeved when py = p; = ... p,, and is equal to log; n. In such a case

I =0, which indicates that the phenomenon being studied (votes in the above
example} is equally distributed across the components {parties). The other
extreme case occurs when there is a maximum inequality in the distribution,
with all of the elements of the distribution in one component and the other
components empty. With a three-component distribution., this would be

[1.0, 0, 0] giving a value of H = 1.0 Tog, 1.0 = 0. 'I' can be calculated
from equation {3) or alternatively as:

n

I= 1 p Tlog (np,) {4)
i=1

and may be interpreted as a measure of the inequality of the distribution

across the n components. It follows that the larger the value of I, the

greater the inequality (see Semple and Gauthier, 1972). (This is only one

of the possible interpretations of I, and is the one relevant to the present

task: for other interpretations in different contexts, see Semple and Golledge,

1970; Semple and wang, 1971; Thomas, 1981; and Chapman, 1977). For the data

in Table 1, the values of I are

A 0.1462 B 0.3061 Cc 0.1120

D 0.0455 E 0.1462 F 0.0140
Note that formula (4) is a special case of the general measure of information
gain

I=1 p log, {p/q} (5)

where
g is a prior or expected proportion, and
p is an observed proportion.
In the present case, q = 1/n (see Thomas, 1981).

we have, then, an inequality statistic which tells us something about
the form of a distribution but it must be noted that it is a system measure
that does not discriminate according, to the order within the distribution.
For example, the value of I is identical for the distributions {3, 1, ).
{4, %s 3)and (3, %, &)}: as it is for constituencies A and E in Table 1
However, it is possible, as demonstrated in the next section. to develop the

I measure in order to classify the component parts of a distribution into
groups.



IIT CLASSIFICATION USING INFORMATION STATISTICS

The aim of this section is to outline a classification methodology deve-
Toped by Semple in 1971 utilizing the I measure. We first review a sample
procedure analogous to the analysis of variance, and then expand this to the
more useful multivariate case developed by Semple and Scorrar (1975).

(i) A univariate distribution

To illustrate this procedure we use the small example of five settlements
(A - E: see Figure 1) with numbers of retail establishments as follows:

A
1 3 6 10 12

There are 32 establishments in all, therefore, giving a proportional dis-
tribution over the five settlements of [0.03125, 0.09375, 0.18750, 0.31250,
0.37500], for which we derive values of H 1.9844 and 1 0.3378; Hmax
2.3222.

Instead of treating all five settlements as a single group, we divide
them into two groups, the first containing settlements A and B and the other
settlements C, D, and E. The information measure for the whole distribution
then becomes the sum of the measures for the separate groups (i.e. we are
decomposing the information statistic; for fuller details see Theil, 1972).
T¥we call ché groups S, and 5, , so that H{S,) is the information measure
for the first group, H(S;) is the measure for the second and H(p) is the mea-
sure for the entire distribution - i.e. H(p) = H{S;} + H{Sz) - then

Gl ji%f P T )
. H(Sl) = 121 N 1092 { Xpi) (6)
5 1

H{S ) = 153 p; Tog, { /pi) @)

Formulae (6) and (7) can be generalized as

1
H(S ) = = p.Tlog (/ ) ®
r s+ R

r

where S_ is the rth group {r =1 ,.. R) so that H{S_) is the measure for the
rih group. The expression i3y indicates that summation occurs for those i
that are members of group S;. Equation (2) then becomes

’
H(P) = T [2 p, 109, (l/p )] <))
r=l |ies_ 1

The term within square brackets indicates a summation for each group [1.e.
each value of H(S.)] and the summation sign outside the square brackets in-
dicates summation across all groups.

11§

Fig. 1 The number of retail establishments in five settlements.

1
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For the proposed division into two groups, therefore, - where the member-
ship of §, is A, B and of S, i5 C, D, E -

H(S,) = (0.03125) 108, (/g puigs) * (0:-09375)10g: (*/ gonzs) =
- 0.15626 + 0.32022 = 0.4765
1 1
H(S,) = (0.1875) log, (7, jgrs) *+ (0-3125) Tog, (/g 51000+

(0.375) Togz (*/ aps)
= 0.4528 + 0.5244 + 0.5307 = 1.5078
and H(P) = 0.4765 + 1.5079 = 1.3844
HE 2.3283

P)max = log,n

so that I{P) = 2.3223 - 1.9844 = 0.3379.

Within each of the groups it is possible to obtain a measure of the
within-group information. In group $,, for exdmple, thé distribution is
10.03125, 0.09375] which in proportional terms, relative to the group total
of 0.125, is [0.25, 0.75]. (Going back to the original data, settlements A
and B have four retail establishments between them, of which only one (0.25)
is in A.) The information for the group can be calculated as

Pi P. 1
I / Teg, { °/_ ) +leg, (/)] (10)
Pr 1e8 ( Py ) o, Py ? Pr

in which p, is the proportien of the total distribution in group r.

In formula {10}, the first term in brackets is the egquivalent of the first
term p; in equation (1) and the term in square brackets is equivalent to

log, (l/p_} in equation (1). In each case the value of p; is being expressed
as a propértion of pp, the group total. The summation is standardized by
multiplying by p,. (by weighting the informaticn measure by the proportion of
the total to which it relates). It is a measure of the information content
or evenness of the distribution within group r, and is equivalent to the
within-group variance in analysis of variance (see Silk, 1981). Extending

it to all groups gives:

: 2 log, (%7 ) +log, (‘/ J] (1)
og + 109
T [ies S 7% 2Py

T



which can be simplified to

I p [ = (pi/ } log (p’z } (12)
=1 © 1e8_ Pr 2 Py

According to formula (12), the within-group measure is obtained as the sum
of the intra-group information measures (the portion of the formula within
square brackets), with each intra-group measure weighted by the proportion
of the total population in that group.

For the data on retail establishments in the five settlements, evaluation
of equation (12) gives the following.
4732 [({1/32)/{4/32)) log, ({4/32)/{1/32) +

((3/32)/(4/32)) Nog, ((4/32}/(3/32)N
+ 28732 [{(6/32}/(28/32}) logs ({28/32}/(6/32)) +
{10/32)/{28/32)) log. ({28/32)/(10/32)) +
(12/32)/(28/32)) loge ({28/32)/{12/32))]
0.03125/0.125) Tog: (0.125/0.03125) +
0.09375/0.125) log, {0.125/0.09375)]
0.1875/0.875) log; (0.875/0.1875) +
0.3125/0,875) logs (0.875/0.3125) +

(0.375/0.875) log: {0.875/0.375)]

0.125 [{0.25)(2.0} + (0.75)(0.415)] +
0.875 [{0.2143)(2.2226) + (0.35771)(1.4856) + (0.4286)(1.2225)}]
(0.125)(0.81125} + {0.875){1.5308)
{0.7014) + (1.3394)
1.4409

= 0,125 [

(
{
{
{
+ 0,875 [{
(

il

To complement the within-group measure of equation (12) it is necessary
to compute the between-group information measure, which is given by the
formula

R
b 1o 1
Lot 0/,) 13)

This treats each group as a single component of a distribution, and hence
equation (13) is equivalent to formula (1). From the data for the five
settlements, formula (13) is evaluated as

(4/32) log, {1/(4/32}) + {28/32) log, (1/(28/32))

(0.125) log, (1/0.125) + (0.875) log, {1/0.875)
0.5436

The sum of the between-group and within-group measures is

R
P log, (1o, ) r§1 Pr [iis (py/pp) Tog (p./p;3] (19
T

H{P) =
r

[ ==

which, given the data for the five settlements,is
0.5436 + 1.4408 = 1.9844
This is the value of H(P) previously reported for that distribution.

As indicated earlier, it is usual to employ the inequality statistic 'I'
rather than the information statistic when classification of group inequalities
is preferred to group concentrations. The formula, equivalent to that in
(14), which divides '"I' into its between and within-group inequalities, is:

R B R
I

g, (k) + T o, LT (py/p) Tog, (Coms)) as)
P 09 g x) * 4 p./P 09 {5
2 Nr/N r=1 r iESr v 2 1er

e =

The left-hand term s the between-group ineguality, whose value would be zero
when pn. = N./N ~ when each group had the same proportion of the distribution
as of the membership. That s, with groups of 3 and 2, p, would be 0.6 and
0.4 respectively. The right-hand term is the within-group inequality, whose
value would be zero when every member of each group had the same proportion
of the distribution i.e. when py/py = 1/Ng

Evaluating formula (15) for the data on the five settlements gives, for
the left-hand term,

(4/32) Tog, ((4/32)/(2/8)) + (28/32) log, {{28/32)/(3/5))

{0.1253(-1.6783) + (0.875)}(0.5444)

{-0.2098) + (0.4764) = 0.2666

And for the right-hand term

4/32 [(1/32)/(4/32) ogz {{1/32)/(4/32}}/(1/2}) +
(3/32)/(8/32) Tog, {{3/32)/(4/32}}/(1/2)]

28732 [{6/32)/(28/32) Nog, ((6/32)/(28/32))/{1/3) +
(10/32)7({28/32) Tog, ({10/32}/(28/32)/{1/3) +
(12/32)/(28/32) Tog, {{12/32)/(28/32))/(1/3)]

= 0.125 [(0.25 log, (0.5} + {0.75} log. {1.5)] +
0.875 [(0.2743) log, (0.6429) + {0.3571) log. (1.0715) +

{0.4286) log. (1.2853)]
= {0.125)(0.1887) + (0.875)(0.0544) = 0.0236 + 0.0476
= 0.0712

Thus I(P) = 0.2666 + 0.0712 = 0.3378, which is the same as that evaluated
earlier.

1

1

+



(ii1) Evaluating alternative groupings

The previous section has reviewed a method of decomposing the formulae

for measuring information content of distributions [formula (1)] and inequality

[formula (4)], to assess the between and within-group variations in the de-
rived index. Clearly, the larger the between-group inequality relative to
the within-group inequality, the more effective the grouping, using the
criteria of effectiveness of a classification generally employed in such
analyses. This effectiveness can be assessed by a test statistic

REI = [IB(P)/I(P)] x 100 (16)
where:

I(P) is the total inequality for the given distribution, formula (4);

IB(P} is the between-group ineguality for the given grouping of distributien;
the Teft hand term of formula {15); and

Ra is the fest statistic, expressing the between-group inequality for the
grouping as a percentage of the total inequality.

For the data analysed here and its groupings [{A,B); (C,D,E}], the value of

Rg is [(0.2666)/(0.3378)] » 100 = 78.92, This calculation of Rs evaluates

the particular grouping. It can be interpreted as a percentage, with Timiting
values of 0 and 100.

The purpose of inductive classification is to find the best grouping,
so all possibilities must be evaluated. with two groups and five components
of the distribution, there are 15 possibilities, as indicated in Table 2.
Ten combinations have two members in one group and three in the other; five
have & 1:4 division. The values of Rz show that only one other grouping
[{A.B,C), {D,E)] comes ctose to that for the grouping [{A,B), (C,D,E})]. The
latter is the best two-group solution for the data set.

Having determined the best classification into two groups, a researcher
may wish to proceed to a three-group classification. For the data set em-
ployed here, with five components to the distribution, a large number of grout
is possible. However, given that the settlements are arranged along a uni-
variate continuum (Figure 1) only those groups which combine adjacent indivi-
duals are worth considering. There are six such possibilities, and Table 3
shows that the classification [(A), (B,C), (D,E)] is the best on the analysis
of variance criterion used here. (Note that the analysis using this procedure,
unlike many others (Johnston, 1976a), is not hierarchical, so that the class-
ification at one level does not constrain that at another.) And, of course,
at this finer level of aggregation, three groups rather than two, the test
statistic for the best classification is larger; a greater percentage of the
variation is between-groups. The best four-group classification is [(A),
), (©, (p,E)], with a test statistic of 98.76.

(iii) A multivariate extension

The discussion so far has shown how the inequality statistic, I, can be
used in an analysis of variance framework to evaluate the best grouping of
a population, given that the number of groups is predetermined. As such,
the technique is interesting but of Tittle practical value; a conventional
analysis of variance would achieve the objective equally well, although its
use is limited by certain statistical assumptions. The benefit of the 'I'
statistic comes when the grouping is of a multivariate nature.

10

Table 2. All possible two-group groupings of five components*

Groups P IB(P} RS
(A,B) (c,D,E) (4/32) (28/32) 0.2666 78.92
(A,0 (B,D,E) (7/32) (25/32) 0.1071 31.71
(A,D) (B,C,E) (11/32) (21/32) 0.0097 28.72
(A,E) (B,C,D) (13/32) (19/32) 0.0001 0.03
(B,0) (A,D,E) (9/32) (23/32) 0.0443 13.11
(B,D) (A,C,E) (13/32) (19/32) 0.0001 0.03
(B,E) (A,C,D) (15/32) (17/32) 0.0140 4.14
(c,D) (A,B,E) (16/32) (16/32) 0.0295 8.73
(C,E) (A,B,D) (18/32) (14/32) 0.0773 22.88
(D,E) (A,B,0) (22/32) (10/32) 0.2431 71.96
A) (B,C,D,E) (1/32) (31/32) 0.1838 54.41
(B) (A,C,D,E) (3/32) (29/32) 0.0606 17.94
(@) (A,B,D,E) (1 6/32) (26/32) 0.0007 0.21
(D) (A,B,C,E) (10/32) (22/32) 0.0509 15.07
(E) (A,B,C,D) (12/32) (20/32) 0.1175 34.78
Table 3. A1l possible three-group groupings*
Groups Pr IB(P) Rs
()] ®) (c,b,E) (1/32) (3/32) (28/32) 0.2901 85.88
(A) (B,C,D) () (1/32) (19/32) (12/32) 0.2475 73.27
(A,B,0Q) (©) (3] (10/32) (10/32) (12/32) 0.2472 73.18
(A,B) (@] (D,E) (4/32) (1 6/32) (22/32) 0.3100 91.77
(A,B) (c,b) (E) (4/32) (16/32) (12/32) 0.2913  86.23
(A) (8,0 (D,E) (1/32) (19/32) (22/32) 0.3106  91.95

* The data refer to the five settlements whose numbers of retail
establishments are shown in Figure 1.

11



Table 4. A simple multivariate example

A. Original Data
Establishment Type (j)

Centre (i) Food Clothing Other
A 40 30 30
B 45 35 20
C 30 35 35
D 25 35 40
Grand Total 400

B. Proportional Data

Food Clothing Other Total
A 0.10 0.075 0.075 0.25
B 0.1125 0.0875 0.05 0.25
C 0.075 0.0875 0.0875 0.25
D 0.0625 0.0875 0.10 0.25
Total 0.35 0.3375 0.3125 Grand Total 1.00

C. Summary Statistics
Centre Mean 0.0875 0.0844 0.0781
SD 0.0198 0.0054 0.0185

The data set in Table 4A shows the functional structure of four shopping
centres, each containing one hundred establishments; the establishments are
subdivided into three categories. The aim is to classify the centres into
groups with similar functional structures. To achieve this, the data are
expressed as proportions of the grand total: there are 400 establishments,
so that the food stores in centre A comprise 0.1 of the total, etc. (Table
4B). The inequality statistic can then be calculated for this matrix as

I{F} =j§1 P igl py Tog  (Np,) an
where:
pJ is the proportion of the establishments in type (column) j;
J is the number of columns;

Pi is the proportion of establishments in type (column) j that are in
centre (row) i, such that

Py = Pyy/Py (18)

12

Ps is the proportion of the total in row i, column j; and

N is the number of rows.
Thus:
J
Top, =10 (©)
= !
and
N
rop. =1.0 (6)
=1

but note that the values of py vefer te the separate columns of the table.
Using equation {17}, the value of I(P} is the inequality in the distribution
of establishments across the centres, weighted by the proportion of the
establishments in each type. Its minimum value is zero, when p; = 1/yg; the
proportion of establishments in each centre is the same in each type. Its
maximum value is log,N, when some values of p; are 1.0 and others are zero
{i.e. in each type, a1l of the establishmenis are in one centre).

Evaluating formula (17) for the data in Table 4B gives
0.35 [{0.70/0.35) log. (4}(0.70/0.35) + (0.1125/0/35} log. (4)(0.71125/0.3)

+ {0.075/0.35) Tog, (4)(0.075/0.35) + (0.0625/0.35) log, (4)(0.0625/0.35}]
0.3375 [{0.075/0,3375) log, (4){0.075/0.3375) + (0.0875/0.3375} log, (4}
{0.0875/0.3375) + (0.0875/0.3375) log, (43)(0.0875/0.3375)
+ {0.0875/0.3375) log, (4){0.0875/0.3375}]
0.3125 [{0.075/0.3125) lag, (4}{0.075/0.3125} + {0.05/0.3125) log, (#)(0.05/
0.3125) + (0.0875/0.3125) log, (4){0.0875/0.3125) +
(0.10/0.3125) Tog, (4){0.10/D.3125)]

0.35 [0.0551 + 0.1166 + (-0.0477) + (-0.0867)] +

0.3375 [(-0.0378) + 0.0136 + ©.0136 + 0.0138] +

0.3125 [{-0.07141} + (-0.1030) + 0.0458 + 0.1140]
{D.35){0.0373) + {0.3375){0.0034) + {0.3125)(0.0426)
0,0274

Having calculated the I(P) statistic - the weighted, inter-row inequality -
it is possible to decompose formula (17) to give a between- and within-group
inequality. For purposes of classification, as illustrated in the previous
section, only the between-group inequality is needed. This is calculated as:

+

+

1

J R p.
LP)y = & p, T op. Teg (FF) 1)
B g1 J p=p 9% Tz NN

which is the multivariate equivalent of the left-hand term in formula (15).
In that eguation Pjr is the proportion of the establishments in type {columnj
3 in group r, or )

Pe= (00 /0y 2

1E8 ]
T
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Using the data in Table 4B, evaluation of formula (21) for a two-group
classification, with the groups [(A,D), (B,C0)], gives:

0.35 [{0.1625/0.35) Tog, ((0.1625/0.35)/(2/4) +
{0.1875/0.35) log, ({0.1875/0.35)/(2/4))]
+ 0.3375 [{0.1625/0.3375) Tog, ((0.1625/0.3375}/(2/4)) +
{0.1750/0.3375) Tlog, ({0.1750/0.3375)/(2/4))]
+ 0.3125 [{0.1750/0,3125) log, ((D.1750/0.3125)/(2/4)) +
{0.1375/0.3725) log, {{0.1375/0.3125)/{2/4))]
= {0.35)({0.0037} + (0.3375){0.0010) + (0.3125)(0.0104)
= 0.0049
with an Rg value from equation (16) of 17.88. Of the other potential group-
ings, the best is [(A,B}, {C,D}], with an Ry value of 77.06.

(iv) Characterizing groups

Having established the best set of groups in a population, the analyst
will probably wish to characterize the groups by identifying their particular
characteristics.

Part C of Table 4 gives summary statistics - means and standard devi-
ations - for the proportion of all establishments that are in a particular
type, across all four centres. Thus on average, 8.75 per cent of all estab-
Tishments are food shops, with a standard deviation of 1.98 per cent. Once
the groups have been identified, the mean for each can be determined. For
the grouping of the four centres into [(A,B), (C,D)] these means are

Establishment Type

Group Food Clothing Other
(A,B) 0.10625 0.08125 0.06250
(c,b) 0.06875 0.08750 0.09375

Thus the centres in the first group (A,B) have, on average, a much larger
proportion of the total establishments that are food shops than do those in
the second group (C,D), whereas the converse applies to the 'other shop'

type. There is Tlittle difference between the two groups in their proportions
in the clothing category.

The mean proportions can be used to characterize each group, therefore.
An alternative characterization contrasts the average in each group with the
average for all centres. The group means can be compared against the overall
means, and presented in standardized form, by using the z statistic (Blalock,
1960, p. 144) which has the formula:

Z=(x-wu/iof /ﬁg) (23)
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where

% is the mean of the group

u is the mean for the total population

¢ is the standard deviation for the total population: and
Ny is the size of the group

Thus, for the data in Table 4C and the group means given above, the group z
statistics are

Establishment Type

Group Food Clothing Oother
(A,B) 1.34 -0.82 -1.19
(c,Db) -1.34 0.82 1.19

These show that the centres in the first group (A,B) have above average pro-
portions of food establishments and below average proportions in the other
two types; the reverse is the case for the other group (C,D).

The z statistics are not used in any hypothesis-testing framework to
establish the statistical significance of a difference. They simply provide
a standardized statement of the degree to which the characteristics of a
group differ from those of the population from which it has been separated.
As illustrated in more detail below, the larger the z statistic the greater
the difference between the group and the population means on that column
characteristic. In this way, the particular features of each group can be
emphasised.

IV _MORE DETATLED EXAMPLES

The preceding two sections have outlined the relevant portions of in-
formation theory for present purposes and have demonstrated, using small ex-
amples, how this can be used in multivariate classifications. The basic
features of the procedure as outlined are:

1) it groups individuals on the basis of a distribution of values for
each individual across J components, so that all members of each group
have similar distributions;

2) the basis of this classification is the analysis of variance criterion -
the between-group differences are maximised and hence the within-group
differences are minimised; and

3) the statistic used is the inequality statistic - I.

For any population, there is a finite number of ways into which the N indivi-
duals can be classified into K groups, where K can be any number between 1

and N. The classification procedure finds that aroupina_(where K is fixed),
which produces the maximum value of Rs. It is necessary, therefore, to cal-
culate the value of I{P} for the total population, and that of Ig(P} for each
grouping. In the previous section, the small examples allowed the calculations
to be done by hand; for larger problems, the tedious procedure for finding
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the largest value of Ry can be done using the computer program developed by
Semple et al {1972} and modified later in a minor fashion by Johnston (see
Section VI}.

To illustrate the use of this classification procedure with larger data
sets than used in the previous section, several examples are given for only
the best groupings at each iteration. As is common with most classification
procedures (the notable exceptions being those described in Semple et al,
1969, and Lankford and Semple, 1973), the decision on the optimal number of
groups is very largely a subjective one, although a plet of the values of Rg
at each stage may assist in the decision-making.

(i) Rainfall regions

For this first example, the small hypothetical data set of Table 5 is
used. It provides data for ten stations, giving the average rainfall at each
for the four seasons. The aim is to classify the stations according to both
their proportion of the total rainfall and its distribution across the four

seasons. Inspection of the table suggests that there are five main groupings:

1) high rainfall with winter maxima (A,B); 2) medium rainfall with summer
maxima (F,G); 3) medium rainfall with no seasonal variation (C,E); 4) low
rainfall with summer maxima (I,3); and 5) Tow rainfall with winter maxima
(D,H).

Table 5. Hypothetical rainfall data (in mm.) for ten stations

Mean Group Proportions

Group winter Spring Ssummer Autumn
(A,B,E) 0.0737 0.0468 0.0216 0.0492
(c,b,F,G,H,I,3) 0.0108 0.0104 0.0289 0.0108

The members of the first group have, on average, much larger proportions of
the total rainfall in each of the seasons except summer. (Reference back to
Table 5 will show that stations A, B and E have the largest annual totals.)
The z statistics for these two groups emphasize this.

Group Z Statistics

Group winter Spring Ssummer Autumn
(A,B,E) 2.28 2.46 -0.34 2.46
(c,b,F,G,H,I,3) -1.49 -1.61 0.22 -1.61

Season
Station Winter Spring summer Autumn Total
A 500 300 100 300 1200
B 550 280 70 310 1210
C 100 95 105 90 390
D 100 50) 10 50 210
E 180 200 190 210 780
F 50 100 400 100 650
G 60 90 450 110 710
H 80 30 10 30 150
I 10 20 80 20 130
] 20 20 70 20 130
Total 1650 1185 1485 1240 5560

The classification procedure operates on the properticnal data in Table
6. With only two groups, and an Ry value of 57.63, the ten stations are
divided according to amount of rainfall, with mean proportions of:

16

The Z statistics are not particuiarly large, however, reflecting both the
relatively high within-group variation (recall that the Ry value was 57.63),
and the small! size of the groups (note the role of Ng in formula (23}).

Table 6. The data in Table 5 in proportional form

Season
Station winter Spring~  Summer Autumn Total
A .0899 .0540 .0180 .0540 .2158
B .0989 .0504 .0126 .0558 2176
C .0180 .0171 .0189 .0162 .0701
D .0180 .0090 .0118 .0090 .0378
E .0324 .0360 .0342 .0378 .1403
F .0090 .0180 .0719 .0180 1169
G .0108 .0162 .0809 .0198 .1277
H .0144 .0054 .0018 .0054 .0270
I .0018 .0036 .0144 .0036 .0234
J .0036 .0036 .0126 .0036 .0234
Total .2968 2131 .2671 .2230
Mean 0.0297 0.0213 0.0267 0.0223
Standard
Deviation 0.0334 0.0179 0.0264 0.0189
17



with five groups the R, value increases to 96.53. The members of the
groups are those identified above from inspection of Table 5. The group
mean values (with z statistics) are:

Group Mean Proportion (and Z Statistics)
Group Winter Spring Summer Autumn

(A,B) 0.0944 (2.74) 0.0522 (2.43) 0.0153 (-0.61) 0.0549 (2.43)
(D,H) 0.0162 (-0.57) 0.0072 (-1.11) 0.0018 (-1.33) 0.0072 (-1.13)
(¢,E) 0.0252 (-0.19) 0.0265 (0.41) 0.0265 (-0.01) 0.0270 (0.35)
(F,G) 0.0099 (-0.84) 0.0171 (-0.33) 0.0764 (2.66) 0.0189 (-0.26)
(1,1 0.0027 (-1.14) 0.0036 (-1.40) 0.0135 (-0.71) 0.0036 (-1.40)

Thus the first group (A,B) is characterized by above-average rainfall (pro-
portion of the total amount) in three of the four seasons, whereas the second
and fifth groups are characterized by below average amounts (the second group
has an even drier summer than the fifth, but a slightly wetter winter). The
two stations in the third group have rainfall amounts that are close to the
average for all ten stations: those in group four (F,G) have the wet summers.

(ii) Prior standardization of data

The analysis of the data in Tables 5 and 6 produced groups of stations
according to total rainfall amount and its seasonal distribution. It may be,
however, that the researcher is not interested in the former: the classific-
ation required refers to seasonal distribution only. To exclude variability
in terms of rainfall amount and to avoid variations in total amount domin-
ating the classification, the seasonal quantity for each station is expressed
as a percentage of the station total (as illustrated in Table 7A). This
gives each station equal weight in the analysis (i.e. each station has 0.1,
or 1/N, of the total rainfall, as shown in Table 7B). In information theoretic
terms, Table 7B displays less information than Table 6. Such a prior stan-
dardisation may be valuable in many empirical investigations, where the ab-
solute totals are meaningless, as illustrated below.

The plot of R, values for the data of Table 7B is given in Figure 2.
with only two groups, over 80 per cent of the variation is between-group -
separating the summer minimum stations (A,B,C,D,E,H) with z statistics of
(1.70, 1.88, -1.90, 1.86) from those with summer maxima (F,G,I,J), with z
statistics of (-2.09, -2.30, 2.33, -2.27). with three groups (R, 97.12),
the two stations(C,E) with relatively low winter and high summer rainfall are
separated from the rest of the first group (A,B,D,H); the second group in
the two-group solution remains unchanged. At a finer level still, the five-
group solution {Rg = 99.23) identifies the following differences:
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Z Statistic for

Group Winter Spring Summer Autumn
(A,B,D) 1.76 1.45 -1.81 1.59
H) 1.51 -0.02 -1.03 -0.13
(F,G,I) -1.99 -2.08 2.17 -1.97
(c,B) -0.27 1.49 -0.35 1.36
6) -0.72 -1.01 0.91 -1.14

The first group contains three stations with a summer minimum and a slight
winter maximum; the second comprises the one station with a marked winter
peak, to be contrasted with the third, comprising three stations with pro-
nounced summer maxima. The fourth group contains stations with an even dis-
tribution over the four seasons, which relative to all the means is above
average in spring and autumn. Finally, station J has a summer peak, but
apparently not as pronounced as in (F,G,I).

These two analyses of the data of Table 5 illustrate the output of the
procedure and the relative merits of using raw and standardised data.
(Standardised data, which contain less information than non-standardised
data, are likely to give higher Rg values for a similar number of groupings.)
The data set is a very small one, however; the next example uses a much
Targer one.

Table 7. The data of Table 5 as percentages of row totals

A.  Percentaded data

Seasons
Station winter Spring Ssummer Autumn Total
A 41.67 25.00 8.33 25.00 100.00
B 45.45 23.14 5.79 25.62 100.00
J 19.38 15.38 53.85 15.38 100.00
B. As proportion of total
A .0417 .0250 .0083 .0250 .1000
B .0455 L0231 .0058 .0256 .1000
J .0154 .0154 .0539 .0154 .1001
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Fig. 2 The plot of R, against
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40~ of the data in Table 7.
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(ii11) Agricultural regions of England and wales in 1801

In 1801 a census of agricultural land use was taken in England and wales,
providing a report on the arable acreage in each parish. The associated crop
returns have been used by a number of researchers to identify agricultural
regions in various counties (e.g. Hoskins, 1949) and in wales as a whole
(Thomas, 1963). Al1 the available data have recently been collated at the
county scale (Turner, 1981) and they are used here to illustrate the class-
ification procedure.

Data are available for the acreage under eight separate crops (or crop-
combinations). In addition the total acreage of the parishes in the 55
counties is known, which allows an estimate of the non-arable farmland. Thus
one can produce a classification of: 1) counties according to arable farming
practiced; and 2) counties according to all agricultural land uses (employing
the non-arable area as an indication of the extent of pastoral farming).

The data set is a large one, and is not reproduced here. It can be obtained
from the original source (Turner, 1981), or from one of the present authors
(R3ID).

The purpose of the classification is to group counties which differ very
substantially in size. (The total acreage in the parishes whose returns are
amalgamated in the data set ranges from 1,056,830 in West Yorkshire to 1,900
in Caernarvon.) Since county size is irrelevant to the analysis, the data
are first standardized into percentages of the county totals.

Two analyses were conducted, the first using the data for arable acreage
only and the second the data for all agricultural Tland uses. Figure 3 shows
the plot of R, values for the first of these, and Table 8 indicates the z-
statistics for the two- and ten-group solutions. The Tatter is mapped in
Figure 4A, and provides a clear picture of the regional pattern in the
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Fig. 3 Plots of R, against K for the classifications of counties in
England and Wales accerding to agricultural land use in 1801,

agricultural geography of the two countries at that date. Figure 4B shows

the three-group solution for the data set including the estimate of grassland.
(As Figure 3 shows, the Ry values were consistently higher for this analysis,
no doubt reflecting the importance of pasture - an average over the 55 counties
of 0.79 of the acreage.) The z-statistics relating to this second application
are given in Table 9.

This example using agricultural land use data illustrates one of the
major types of application for this method of classification. Many analyses
are concerned, in part if not in total, with classifying places according to
a data set that comprises a closed number set. work in industrial geography,
for example, is concerned with the employment structures of different places
across sets of industrial and occupational characteristics, whereas the study
of urban social areas involves classifying districts according to the social
and economic characteristics of their populations. For such data sets,
classification based on correlations is inappropriate. Using the method out-
Tined here, however, a ready appreciation of inter-place differences and
similarities can be obtained. Since the size of the districts being analysed
is usually irrelevant, the prior standardisation approach is sensible, and,
as in many cases this introduces a metric with no ready interpretation, the
use of z-statistics to characterize groups is of considerable value, as illu-
strated in the next section.
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Table 8. Classification of English and welsh Counties by Arable
Land Use in 1801

Z Statistics for

Turnip/ Peas/ other
Group  Wheat Barley Oats Rye Potatoes Rape Beans Arable

Two-Group Solution

1 2.54 0.91 -3.93 -1.05 -2.70 1.76 3.37 0.71
2 -2.94 -1.06 4.54 1.22 3.12 -2.04 -3.90 -0.81

Ten-Group Solution

1 -0.40 -2.65 2.71  -0.95 3.47 -1.86 -1.59 -0.39
2 0.79 2.44 -0.25 -1.87 1.10 -1.36 -0.35 -0.85
3 2.99 1.08 -2.26 -1.54 0.10 -0.64 0.07 -0.40
4 2.13 -0.41 -2.59  0.09 -0.39 -0.73 3.64 0.32
5 -1.68 1.68 -1.50 0.51 -1.43 4.78 0.39 -0.21
6 1.29 -0.15 -2.27 -0.68 -2.60 -0.15 4.24 -0.34
7 0.13 1.11 -0.70 -0.91 -1.26 1.22 -0.61 4.02 s =3 cins 6
8 -0.38  -1.65 1.40  2.42 -0.33 -0.30 -0.62  -0.33 L] Claes 2 ES Clss 7
EcClass 3 EZ2 Class 8
9 -1.18  -3.43 2.66 1.28 0.09 1.84 -1.70 0.14 B Class 4 B8 Crass 9
B Class & Ml Ciass 0
10 -4.79 1.72 3.74  0.75 2.75 -2.30 -2.38  -0.75
nd :no data
Fig. 4 Classifications of the counties of England and wales according to
agricultural land use in 1801. A: the ten-group solution for
Table 9. Classification of English and welsh Counties by A1l Land uses, 1801 arable uses only; B: the three-group solution for all land uses.

Z statistics for
Turnip/ other V_APPLICATIONS
Group Wheat Barley Oats Rye Potatoes Rape Beans Arable Grass
Classification is widely employed in many areas of geographical research.
Three-Group Solution The typology of units produced may be used as an end in itself, as a des-
cription of the structure in the data set; it may be used as a test of hypo-

L 3.74 5.29 1.06 0.85 -1.49 5.13 3.24 3.25 -4.89 theses regarding the existence of classes or regions; or it may be employed
2 2.50 1.34 -0.41 1.03 -0.74 0.66 2.54 -0.16 -2.00 as a framework for further analysis, as, for example, in the delineation of
3 -3.97 -3.42 -0.01 -1.36 1.32 2,67 3.81 111 3.92 strata for sampling exercises. The classification method outlined here has

a particular strength in providing a procedure that can be used with closed
data sets when the research requires that all the components of that set be
investigated. Such research is common among geographical applications.

(i) Ssocial areas in cities

The study of social areas has been popular among urban geographers for
more than two decades. The main purpose of such work is to illustrate the
diversity of social and housing characteristics among the residential districts
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of an urban complex. As such, the definition, mapping and description is to
some extent an end in itself, illustrating the outcome of processes of re-
sidential congregation and segregation whose nature can only be inferred

from the results (Johnston, 1980). In addition, however, the results of such
classifications are frequently used as sampling frameworks and as inputs to
the analysis of the morphology or urban areas.

Social area analysis almost invariably relies upon the data provided by
censuses and similar surveys, relating to small districts of cities with
populations of, at most, a few thousand. The data available refer to such
characteristics of the population as age structure, household sizes, the
occupations of the employed, educational qualifications, and, in some coun-
tries, birthplace, ethnic origin, income and religion. In addition, character-
istics of the housing stock are frequently portrayed, referring to tenure,
density of occupation, condition, value, and possession of certain facilities.
The general expectation of social area analysis, derived from ecological
theory (Knox, 1982), is that different parts of a city will have different
population, household and housing characteristics as a result of the sorting
processes that have been typical of the operation of housing markets and
which reflect economic and social pressures (Johnston, 1980).

During the last two decades or so the methodology of social area analysis
has been that of factorial ecology (Berry, 1971; Taylor, 1978). This takes
a matrix of data comprising J variables and N observations. A factor (or
principal components) analysis of such a matrix isolates the underlying common
elements in the distributions of the J variables across the N observations,
and a classification of the scores of the observations on the factors or
components defines the social areas. This procedure has two apparent strong
points. It removes redundancies in the data set by replacing the J variables
by K common factors, and it provides orthogonal data (the factors) which can
be used in standard classification procedures. uUnfortunately, there are also
disadvantages. Replacing the variables by factors introduces an inductive
weighting: each factor is equally important in the classification. More
importantly, there are technical problems (Johnston, 1976b) of which the most
critical 1is that relating to closed number sets.

Examples of the use of the methodology outlined here for the delineation
of urban social areas are provided in several recent papers. For the borough
of Thamesdown in wiltshire, for example, the closed number set referring to
the occupational structure of the population was analysed to suggest six
types of social area (Johnston, 1979a). A similar exercise was undertaken
to categorise districts of Rockhampton according to their population age
structures (Forrest and Johnston, 1981; see also Johnston, 1979b). In each
of these cases, the analysis dealt with one closed number set only. Two or
more such sets can be combined, however. For example, Table 10 gives data
for the age, occupational, and dwelling tenure characteristics of the popu-
Tations of the 20 districts of the City of Dunedin in 1966. (The data are
taken from the New zealand Census, and have been simplified for presentation
and analysis here.) The three distributions refer to different segments of
the population. For age, the entire population is enumerated; for occupation,
only the employed male population is considered; and for dwelling tenure it
is the number of separate households: for the first district, the respective
totals are 53, 26 and 19. Each individual value is presented in Table 10
as a percentage of the relevant total: for people aged 0-14 as a percentage
of the total population etc. For each district, then, the sum of the values
is 300 - three percentage distributions.
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Age, occupation and housing tenure in Dunedin, 1964
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Table 11. z statistics for classification of Dunedin social areas Table 12. cCharacteristics of district populations in whangarei, 1971

variable (for description see Table 10) __variable*
District 1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8 9 10 1
; 1 0.18 0.79 0.07 0.14 0.17 0.07 .04 0.02
Two-Class Solution 2 0.12 0.8  0.05 0.15 0.10  0.04 02 0.12
I -3.06 1.43 2.41 2.04 -0.17 -1.67 0.13 2.37 3.30 -3.42 -0. 3 .17 07z 01l  0.24  0.19 0.1 06 0.03
) 2000 093 LS8 133 041 1,09 0,08 -155 218 2.4 045 4 0.23  0.67 0.3 0.5 0.08 0.02 02 0.39
5 0.21 0.76 0.04 0.16 0.16 0.02 .02 0.03
Six-Class Solution 6 0.20 0.66 0.16 0.32 0.14 0.05 .00 0.07
7 0.20 0.59 0.16 0.26 0.14 0.06 .03 0.03
1 2.19 0.86 1.68 1.18 1.27 0.51 -1.60 0.85 2.56 -2.24 -1.50 8 0.29 0.55 0.32 0.37 0.21 0.11 .07 0.04
2 0.40 -0.57 -0.82 0.67 -1.55 -0.53 1.50 0.07 -1.52 0.99 1.66 9 0.24 0.66 0.16 0.27 0.12 0.06 .02 0.08
3 -1.46 3.58 -0.25 0.97 0.60 -0.21 -0.50 0.23 1.08 ~-1.23 0.01 10 0.33 0.59 0.21 0.35 0.21 0.04 .02 0.12
4 1.7 -0.38 -0.85 -2.02 -0.79 0.54 0.37 0.22 0.51 0.65 -2.82 11 0.40 0.48 0.34 0.64 0.13 0.06 .06 0.09
5 1.51 -0.63 -1.05 -1.22 2.15 1.77 -1.76 -2.59 -2.27 2.06 1.16 12 0.18 0.69 0.08 0.21 0.21 0.07 01 0.09
6 -1.58 -1.11  2.29 1.40 -2.27 -3.37 2.53 2.90 1.81 -2.32 0.63 13 0.31 0.70 0.23 0.35 0.16 0.08 .09 0.15
14 0.16 0.83 0.03 0.17 0.15 0.08 .04 0.06
15 0.16 0.78 0.06 0.24 0.06 0.02 01 0.23
16 0.20 0.73 0.08 0.21 0.08 0.04 01 0.11
A classification of the data set in Table 10 indicates that two groups 17 0.17 0.81 0.03 0.13 0.16 0.08 .02 0.09
account for 48 per cent of the variation. The z statistics in Table 11 show 18 0.08 0.84 0.01 0.08 0.19 0.07 .07 0.04
the districts in the first group (districts 1, 2, 3, 4, 9 and 16) had 19 0.16 0.74 0.00 0.67 0.06 0.00 .00 0.68
relatively few children, and above average proportions of 'other' workers 20 0.16 0.80 0.02 0.09 0.14 0.06 .06 0.12
and of households which rented their homes, whereas the second group was 21 0.17 0.74 0.00 0.13 0.13 0.06 .06 0.13
characterised by areas with above average percentages of children and of homes 22 0.20 0.77 0.00 0.19 0.08 0.03 .03 0.20
being bought on mortgages. wWith six groups, over 81 per cent of the variation
was accounted for. These six social area types were -
1. Areas dominated by rental housing and with few children, (districts 2, * Key to variables: 1 proportion of those aged 16+ not married;
3, 4); 2 proportion of one family households; 3 proportion
of dwellings that are flats; 4 proportion of dwellings
2. 'Average' areas wjth no outstanding characteristics relative to the city that are rented; 5 proportion of male workers in
as a whole (districts 6, 8, 15, 17, 20); professional/managerial occupations; 6 proportion of
3. A single district (9) with a very high percentage of persons aged 15-20 male workers earning $6000+ per annum; 7 proportion
- this is the university area. of male workers with a University degree; 8 proportion

. . . of the population who are Maori.
4. Areas with few old people and homes owned outright - relatively new
outer suburbs (districts 7, 12, 18); .. .
the I statistic is weighted by the column total.) Thus the data are stan-

5. Relatively high status residential areas, with above average percentages dardized. Instead of using the normal z score given by the formula

in occupational categories I and II and below average in III and IV

(districts 5, 10, 11, 13, 14, 19); and zi = (xi - i) /o 24)
6. Relatively low status residential areas with relatively large percentages . . . . .

of rented homes (districts 1, 16; these have a high percentage of tenants which would give negative values in some cases, and so create problems in

of state housing who are not separately identified in the census). taking logarithms, the Z scores are transformed into T scores, which have

normal distributions with a mean of 50 and standard deviation of 10. The

The procedure can be used in cases where the data do not constitute classification proceeds without a standardisation of the data - section IvV(ii)
closed number sets. Table 12 gives the information for eight variables for - since it is scores relative to the city total rather than the distribution
the 22 districts of the city of whangarei, New zealand (the data are from the across each district which are relevant.
1971 census of New Zealand, and have been subject to a factorial ecology in L X i i X
Johnston, 1976b). with such data, classification on the raw figures could A classification of the districts into two groups accounts for only 30
be misleading, since the mean proportions are much lower for some variables per cent of the variation, with the major d1ff§rent1at1ng character15t1cs
than others. (Recall that in formula (17) the contribution of each column to (Table 13) being the first three variables, which suggest a separation of
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Table 13. z-Statistics for classification of Whangarei Social Areas

variable (for description see Table 12)
1 2 3 4 5 6 7 8

Two-Group Solution

1 2.99 -2.53 3.15 1.68 1.94 2.11 2.26 -0.80
2 -1.62 1.37 -1.71 -0.91 -1.05 -1.15 -1.22 0.44
Three-Group Solution

1 -1.69 1.24 -1.23 -1.97 1.11 1.03 0.15 -1.51
2 3.60 -2.85 3.50 1.97 1.63 0.91 2.02 -0.51
3 -0.50 0.32 -0.74 1.82 -2.99 -2.33 -2.17 3.02
Five-Group Solution

1 2.75 -2.48 2.42 2.30 -0.20 0.06 1.01 -0.33
2 1.25 -1.07 2.05 0.55 1.75 3.02 2.72 -0.78
3 0.78 -1.82 1.04 0.18 1.17 -0.14 -1.30 -0.93
4 -0.50 0.32 -0.74 1.82 -2.99 -2.33 -2.17 3.02
5 -1.92 2.61 -1.86 -2.25 0.75 0.19 0.29 -1.01

the urban area into inner-city and other districts (the districts in group 1
are 3, 8, 10, 11, and 13). with just one more group, however, the value of
Rs is 72, mainly because of the separation out of a group of five districts
(class 3; districts, 4, 15, 16, 19) with high percentages of Maori residents
(Table 13). And with five groups, more than 92 per cent of the information
content is accounted for, identifying the following social area types:

1. An area with above average proportion of flats, rented dwellings and
unmarried adults, and with below average proportions of one family house-
holds (district 11);

2. High status residential areas (3, 8, 13);

3. Average areas (6,7, 9, 10, 12);

4. Low status areas with high proportion of Maori (4, 5, 16, 19); and
5.

'Average' areas except for the above average proportion of one family
households (1, 2, 5, 14, 17, 18, 20, 21, 22).

In both of these social area classifications, the number of districts
to be classified was relatively small, which allows the full data set to be
presented. In most studies the number of observations is considerably larger
and the ratio of districts to groups much Targer too. Nevertheless, these
examples illustrate how the classification procedure can be used to identify
the main types of social areas within a city, with the Z statistics indicating
the major differentiating characteristics for each type.

Although both of the examples presented here relate to urban social
areas, the method is equally applicable to a wide range of classification
problems in human and physical geography (as well as other disciplines).
Applications in economic geography have been suggested earlier. In physical
geography, classification of areas according to their plant composition, to
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the nutrient characteristics of their soils, to a variety of climatic elements,
and so on, or to a combination of such variables, could all be handled by
this procedure.

(ii) Typologies as independent variables

In some research exercises, the hypotheses being tested relate some de-
pendent variable to aspects of an area's population structure, and require
all of the Tlatter to be incorporated in the analysis. with regard to aggre-
gate analyses of voting behaviour, for example, the researcher may hypothesise:
1) that members of different occupational classes vary in their propensity to
vote for a particular party, so that the analysis requires study of all
classes to provide a full explanation; and 2) that members of different age
groups similarly vary in their propensity to vote for a particular party.
Most such analyses use a regression format, but because of the closed number
set problem are unable to incorporate all of the classes/age groups. Thus
the analyses are incomplete.

The procedure introduced here circumvents that problem by providing a
typology of areas that can be used as independent variables, in either an
analysis of variance or a regression format. Thus, for an analysis of the
percentage voting Labour in each of the wards of the Greater London boroughs
in May 1971, to test the hypotheses presented in the preceding paragraph,
two classifications were produced to provide the independent variables. A
classification of the wards according to their occupational structure provided
seven groups accounting for 76 per cent of the variation, and a classification
based on age structure resulted in a 12-group solution which accounted for
69 per cent of the variation. These two classifications were used as the
independent variables in an analysis of variance of the Labour vote. The
socio-economic grouping accounted for 75.7 per cent of the variance; the age
structure grouping accounted for 2.5 per cent; and the two groupings together
(including their interaction) accounted for 82 per cent. Detailed analysis
showed that strongest Labour support came from the dominantly working class
wards and in the area of young, working age adult populations.

(iii) Time series analysis

The study of time series by geographers seeks spatial variations in
secular patterns of, for example, unemployment and rainfall. Classification
of areas with similar trends has been undertaken using the same factorial
ecology methods as in social area analysis and it faces the same problems.
The procedure outlined here is well suited to the study of time series,
however.

As an example, take the study of rainfall trends over a 70-year period
at each of 50 stations in the United Kingdom (Gregory, 1975; Johnston, 1981).
Did different groups of stations experience similar trends over that period,
and were there substantial differences between the groups? To answer this,
we have a data matrix comprising 70 (3) columns and 50 (N) rows. The value
in each cell is the rainfall at the relevant station in a particular year
and the sum of all values along that row is the 70-year rainfall total for
the station. If two stations had the same trend over time in annual rainfall,
then for each the proportion of the 70-year total which fell in the individual
years would be approximately the same. Expressing the rainfall at a station
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in each year as a percentage of the total for the period is analogous, there-
fore, to expressing the population of an area aged 0-14 as a percentage of
total population there, or dividing the annual rainfall into its seasonal
components (Table 5). Thus the data matrix takes on exactly the same form

as those discussed in the previous subsection on social area analysis. Appli-
cation of the classification procedure to such a matrix groups stations with
similar secular trends. Those in the same group will have received similar
proportions of their total rainfall in particular years of the sequence.

Application of the classification procedure to the 50 x 70 data matrix
of annual rainfall totals led to the identification of ten groups of stations,
(Rs = 58.9). A map of the group membership indicated clear regional clusters,
with few stations not being allocated to the same group as their neighbours.
Thus over the period different parts of the United Kingdom experienced dif-
ferent rainfall trends. Graphing the z statistics illustrates the nature
of those trends (see Johnston, 1981) and allows the characteristic trend of
each group to be identified. (For an application using unemployment time
series, see Johnston, 1983.)

(iv) Trade flows

The methodology reviewed here is clearly applicable in a wide range of
research situations in geography, although as yet it has only been used 1in
a few. As already stressed, its particular strength is in the analysis of
closed number sets (percentages and proportions). Thus it has been suggested,
for example, as a means of classifying districts according to the distribution
of votes across a number of candidates. Voting regions are then defined
without any of the problems of the factorial ecology procedure (Johnston,
1982).

Data sets which are not closed can also be analysed with this classific-
ation procedure (as with the data set in Table 5). This has been illustrated
by two studies of trade patterns. For each of eight dates, for example,
Semple and Scorrar (1975) analysed the distribution of the value of Canada's
imports & exports according to commodity flows, with each of fifty trading
partners. There were two matrices for each date, one for exports and one
for imports, comprising either 6 or 9 columns (the commodity classifications
changed after 1960) plus 50 rows. Classification grouped together Canada's
trading partners according to both the volume of trade and its distribution
across the commodity classifications. Thus, for example, the partners were
classified into five groups according to the destination and composition of
exports in 1930 (R, = 89.0). The first comprised countries (the U.S. and U.K.)
receiving large volumes of agricultural and forest products and substantial
amounts of animal and of non-ferrous metal products. The second group
(mainTly countries in Western Europe) received mainly agricultural exports,
in substantial amounts, from Canada, whereas the other three comprised coun-
tries receiving only small export volumes from Canada, mainly of agricultural
products.

The grouping procedure allowed Semple and Scorrar to portray the changing
nature of Canadian international trade and the relative importance of the
varying trading partners. Similarly, an analysis of trade in the COMECON bloc
since 1946 was used to identify groups of countries with similar import and
export commodity structures in their exchanges with the Soviet Union. Data
were analysed for 1946, 1950, 1960, and 1968 and suggested that by the 1960s
three clear groups (the same for both imports and exports) had emerged,
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(semple and Demko, 1977). These were (Table 14): 1) East Germany and
Czechoslovakia, which exported large volumes of industrial machinery and
equipment and of consumer goods to the Soviet Union and whose imports were
dominated by fuels and raw materials; 2) Bulgaria and Hungary, which exported
machinery and equipment too, plus a considerable volume of food and consumer
goods, and whose imports were dominated by fuels and raw materials and
machinery; and 3) Romania and Yugoslavia, whose exports were dominated by
fuel, raw materials, and consumer goods, and whose imports were dominated by
fuel and materials and equipment. Only Poland moved between groups in the
1960s; in 1960 it was in the second group but in 1968 in the first.

with these studies of trade flows, the classification procedure has
categorized countries according to the quantity and the commodity structure
of their imports and exports, showing that groups of countries have very
similar trading volumes and profiles with a particular partner. In the second
example, the three-group solution for 1968 accounted for 79 per cent of the
variation among the seven countries in terms of their exports to the Soviet
Union, and 77 per cent for their imports. Thus the classification is a simpli-
fying device, clarifying the similarities among groups of places and high-
Tighting the differences between them.

Table 14. Group means in COMECON trade with the Soviet Union, 1968

Group*

Commodity 1 2 3

(N=3) (N=2) (N=2)
Exports to the Soviet Union
Machinery and equipment 0.105 0.048 0.014
Fuel and raw materials 0.028 0.012 0.020
Foodstuffs 0.001 0.032 0.004
Industrial consumer goods 0.045 0.034 0.018
other 0.026 0.007 0.001
Imports from the Soviet Union
Machinery and equipment 0.031 0.047 0.014
Fuel and raw materials 0.112 0.070 0.028
Foodstuffs 0.025 0.006 0.003
Industrial consumer goods 0.003 0.004 0.001
Others 0.032 0.010 0.013

* The figures in the table are mean proportions of the total trade
analysed. Thus, for example, of the exports to the Soviet Union,
on average 10.5 per cent comprised machinery and equipment from
each of the countries in group 1.
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VI A COMPUTER ALGORITHM

Although the nature of the classification procedure outlined here is
straightforward, its application with large data sets is extremely tedious
if undertaken by either hand or calculator. Once the data matrix has been
assembled and expressed in the needed format (as in Table 5), the steps are
as outlined in Figure 5.

ASSEMBLE
DATA MATRIX

CALCULATE
TOTAL MEQUALITY

DETERMINE
NUMBER OF GROUPS

Fig. 5 A flow-diagram for the
\ classification procedure.

ALLOCATE

OBSERVATIONS
TO GROUPS

REPEAT
CALCULATE FOR

BETWEEN - GROUP 1

e A
INEQUALITY GROUPS

CALCULATE
Rs STATISTIC

IDENTIFY
BEST GROUPING

For a classification involving more than a small number of observation
units the number of times that the inner of the two loops in Figure 5 is
traversed is extremely large, because of the very large number of ways in
which N individuals can be combined into K groups. A computer program clearly
is needed to speed up the process and eliminate the tedious calculations.
Nevertheless, even a fast computer will take a long time to evaluate all of
the possible groupings in a substantial problem and so methods have been deve-
Toped to speed up the process. The program produced for the classification
procedure (Semple, Youngmann and Zeller, 1972) makes an initial allocation
of N individuals to K groups and calculates the R, statistic. ({An initial
configuration can be read in, indicating the proposed group for each indivi-
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dual). It then moves each individual into each of the other groups in turn,
calculating the Ry statistic and comparing this with the one previously com-
puted. If the new Rg statistic exceeds the previocus one, the grouping is
retained; if it does not, the individual is returned to its original group.
This procedure, seeking a better Rg statistic, continves until no move from

a particular grouping produces an increase in the Rg statistic: when this
occurs, the best grouping has been found. The program finds the best grouping
for each value of K lying between an inputted minimum and maximum.

The program developed by Semple, Youngmann and zeller (1972) has been
modified slightly to allow data to be percentaged across rows and to calculate
Z statistics; otherwise, it is unaltered in its basic features. It is made
operational by a control card, as follows.

Ccontrol card

Column Mnemonic Format Description
1-16 PRNM 1641 Title for the run; any alphanumeric
) characters
17-20 JPBS A 5;- Number of observations (rows)
21-24 NYAR & 5 Number of variables (columns of the
distribution)
25-26 MINNG I2 The minimum number of groups to be

extracted (if zero, the program inserts 1)

27-28 MAXHG 12 The maximum number of groups to be

extracted (if zero, the program
inserts JOBS)

29-30 INTMED 12 If INTMED = 1, the results of all groupings
are printed
31-32 IPER 12 If IPER = 1 the data are standardised to
proportions of the row totals prior to
analysis.
33-34 IMEM 12 If IMEM = 1, a prior grouping is input t
-ﬁo __‘ w _ to the program to speed operations._

37-45 SUB 59{2 The value to be substituted for zeros
’ in the data (necessary because the Tog
of zero cannot be taken). If not input
the program substitutes 1.0

46-55 SINC F10.2 The grand total. This 1is calculated in
- rl the program if omitted.

For the data set in Table 3A, the full set up was
TRIALDATASETFOUR00040003020400010000000000.010000000.00

403030

453520

303535

253540

(statement 103 was changed for this to 3F2.0)
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Input Channels The output from the program includes the following

. . . . A. General
The version of the program included here includes two input channels,

4 and 5. channel 4 is used for the data set and Channel 5 for the control 1. The data set

cards. It is, of course, possible to put the control cards in front of the 2. A statement DATA IN PROPORTIONS if IPER = 1
data set and use one channel only. . . .
3. The data transformed into proportions if IPER = 1

A Priori Grouping 4. The value of SING

The initial stage of the program involves allocating the observation 5. The total means for each column - note that these are not the means
units to an initial set of groups, prior to the switching procedure which of the raw or transformed data matrix but of the matrix in which
searches for the optimal group configuration. with large data sets, the cell values are expressed as proportions of SINC. For ease of
initial allocation (which divides the observations into equal-sized groups presentation, they are multiplied by 100.
according to their numerical position in the data set) may be a long way 6. The standard deviations of the total means.
from the optimum. The search for the optimum is then expensive in computer .
time. B. For each grouping

. . . 1. The group number
To reduce the search time, the analyst may wish to suggest an initial

configuration that is intuitively close to the optimum. For this, the value 2. For each member

of IMEM is set to 1 on the first control card. A further (set of) control i) its observation number

card(s) on Channel 5 is then required. This gives the suggested grouping of . . . L.

the observations (the format is 2513). Thus with ten observations and three ii) its data - expressed as a proportion of SINC and multiplied
groups, with observations 1, 3, 5 and 7 in the first group, 2, 4, and 9 in by 100

the second, and 6, 8, 10 in the third, that control card would read iii) the group means - as for the total means
001002001002001003001003002003 iv) the z statistics

Note that: (Note that running this program with small numbers of observations occasionally
a) this procedure can only operate for the smallest number of groups asked produces d1ff1cujp1es. In such cases, it may be necessary to put the data

for (i.e. MINNG on Control card 1); and into Double Precision).

b) if the control cards and the data set are in one file on the same channel,
the additional control card comes after the data set.
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SUBROUTINE INFOST { LDATA, IMEMISL, IMEMB2 , 1Y, YR, INR, INGEP, 1 SUMX, IGMEA
APPENDIX I: PROGRAM LISTING LN, 10ABGE )

DIMENS [ON DATA(9Y,20) MEMBL{ST L), MEMB2(511),¥(20) YR(99,20)¢

DIMENS JON NR{ 511, NGRP(20) , SUMX( 26, 20) ,GMCANG 26, 20)

DIMENS 1ON SD(26G ), ThM( 26 )

COMMON  1OBS | NVAR, IOUT, 10, MAXNG , b INNG, SUB, 1AGG, TPER, IMEM, IN, X, SINC

INFORMAT ION CLASS IFLCATION 1, INTMED
WRITTEN BY SCMPLE, YOUNGMANN AND ZLELLER OBS = FLOAT(ICBS)
MCDIF IED BY JOHNSTON C
INQUIRIES TO JOHNSTON DEPT GEOGRAPHY UN1V SHEFFIELD < READ AND PRINT DATA
: .
DIMENS 10N PRNM( 16 ) D 2 1=1, I0BS *
DIMENS 10N 5D(20},1M(20) READ (4,103) (DATA{I,T),J~1,NVAR)
COMMON  TOBS ,NVAR, IOUT, 1D, MAXNG , MINNG, SUB, 1AGG, [PER, IMEM, IN, IX, SINC WRITE (6,102) I,{DATA{1,3),J_L,NVAR)
1, INTMED : C
< REPLACE ZERQS
PARSMETERS ARE C
QOLS L-16 PRNM  ALPHANLMERIC TITLE DO 1 3=1,NVAR
COLS 17-20 JOBS  NUMBER OF OBSERVATIONS { INTEGER) 1 1F (DATA{I,1).LE.G.) DATA(T,J) = SUB
COLS Z1-24 NVAR  NUMBER OF YARIABLES { INTEGER) 2 CONT INLE
COLS 25-26 MINNG  MINIMUM NUMBER OF GROUPS { INTEGER:DEFAULT 1) SINC = 0.0
COLS 27-28 MAXNG  MAXIMUM NUMBER OF GROUPS { INTEGER:DEFAULT JOBS) C
COLS 29-3G INTMED IF SET AT 1, ALL INTERMEDIATE GROUPS PRINTED C CHECK 117 TO TAKE PROPCRTIONS ACROSS ROWS
COLS 21-32 IPER  IF SET AT 1,DATA CONVERTED TO PROPORTIONS OF ROW TOTAL C
COLS 33-34 IMEM  IF SET AT 1, A PRICR GROUPING 1% INPUT IF (IPER.NE.1} GO TO 6
COLS 37-45 SUB  VALUE SUBSTITUTED FOR ZERO DATA WRITE (6,160}
(FORMAT F9.2) (DEFAULT 1.0} Do 5> [=1,I0B5
COLS 46-55 SINC  THE GRAND TOTAL (IF OMITTED, DATA ARE SUMMED IN c
PROCRAR } C SUM ROW
J0=1 ¢
TWO [NPUT CHANNELS ARE USED I ATQ - 0.
CHANNEL 5 CAERRIES THE PARAMETER YALUES _ 0O 3 J=1,NVAR
CCHANNEL 4 CARRIES THE DATA SET . 3 XTQ = XTQ + DATA(I, 1)
C
1 CONT INUE C CHANGE TO PROPORTIONS
. C
READ PARAMETERS N DO 4 J=1,NVAR
' 4 DATA{I,1} = DATA(I,J) / XTQ
READ (5,403 PRNM, [OBS, NVAR ,MINNG,MAXNG, INTMED, {PER , IMEM, (D, SUB, SINC C
C WRITE PROPORTIONS
SET DEEAULTS C
WRITE (&,102) 1, (DATA(L,3},3=1,NVAR}
1AGG = 1 5 CONT INUE
IF {SINC.LE.0.) IAGG = 0 6 CONT INUE
IF {SUR.LE.Q.) SUB = L.D C
1E {(MINNG.LE.G. ) MINNG = 1 C SLM MATRIX
IF {MAXNG.LE.G.) MAXNG = 10BS C
IF {MAXNG, LT.MINNG) MINNG = | PO 7 3=1,I10BS
WRITE {6, 50) SUB DO 7 1=1,NVAR
2 CALL INFOST( IDATA, IMEMBIL , IMEMB2 , 1Y, IYR, INR, INGRP, 1SUMX, [GMEAN, INAM 7 SING = SING + DATA(J, 1)}
1E} WRITE (&, 161} SINC
GOTO ] C
40 FORMAT (16A1,214,612,F9.2,F10,2,12) C EXPRESS CELL VALUES A5 PROPORTION OF GRAND TOTAL
50 FORMAT (IH ,27HSUBSTITUTE FOR ZERO DATA [5,Fl0.2} C
STOP DO & I=1,10BS
END DO 8 J=l,NVAR

| 8§ DATA(L,T) = {(DATA(L,J}/SINC) * 160.0
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FIND MEANS AND STANDARD DEVIATIONS

DO 9 I=],NVAR

SD(I) = 0.

™(1) = 0.

DO Lo 1=1,10B8

DO L0 J=1,NVAR

TM(3) = T™(J} + DATA(I,I}

5D63) = 3D{3} + DATA(I,])#**2

DO 11 J=1,NVAR

TM{J) = TM(J}/0B3

SD{T) = SGRT{ (SD(3)/OBS) - TM(J}*=*2}

WRITE (6, 104&) (TM(J}, J=1,NVAR)
WRITE (6, 103) (SD{J}, J=1,NVAR}

FIND TOTAL INECRALITY

TINEQ = 0.0
DO 12 J3=1,NVAR
¥(31) = ¢

DO 13 13=1,NVAR

DX> 13 11=1,I0BS

Y{J1} = Y{I3) + DATA{1],13)
DO 13 J=1,NVAR

X = 0.

B 14 1=1, OGBS

I
X = X + (DATA{1,3)/(¥Y{J})) * ALOGZ(OBS * DATA(1,T}/Y(1})

TINEQ = TINEQ + Y(3) * X

LOOP GROUP 31ZES FROM MINIMIM TO MAXIMLUM

STATMK = 0.

DO 84 NG=MINSG, MAXNG
IXOUT = 0

CHECK 1F INMITIAL GROUFP TO BE READ IN

IF (IMEM.EQ.]) GO TO 20

[ = IOBS / NG
L =1

M= ]

DO 18 K=1,NG
DO 17 J=L,M
MEMBI(T) = K
L = M+l

M= M1

IF (L.GT.IOBS) GO TO 23
DO 19 1=L, IOBS
MEMBL{I} = K

READ FRICR GROUPING

THE INITI1AL GROUP -MEMBERSHIP OF EACH OBSERVATION 15 READ IN
IN A VECTOR {(LENGTH=1OBS) THE FCRMAT OF THE VECTOR IS5 2513

CONT INUE

iF {IMEM.EQ.1.AND.LX.NE.1) READ(5,108)

Ix = 1|
GO TO 23

(MEMBI(1},1=1,10B3)

con

o0on

noo

oon

00

22

23

24

IMEM = O
SWITCH GROUPS TO FIND OPTIMUM

CLSTAT =
ICNT = 0
IND = 0

DO &b 11, 10B5

U,

S DO 4D J=1,NG

25

26
27

28
29

30

3l

3Z

33

iy

ISTCRE = MEMBI(I)
MEMBI(1}) = 3
IND = IND + 1

CALCULATE BETWEEN-REGION INEQUALITY

DO 29 10=L,NG

X 25 K=1,NVAR

YR{Il,K) = 0,

NR{LLY = G

DO 27 J1=1,10B5

IF (MEMB1{J3).NE.Il} GO TO 27
DO 26 K=1,NYAR

YR{I1,K) = YR{l1,K) + DATA{I1,K)
NR{IIY = MRETIIY + L

CONT INUE

DO 28 J11=1,NVAR

YR{11,73) = YR(I1,37) / ¥{3I)
CONT INUE

BINEQ = 0.
DO 31 JJ=1,NVAR
BINEQZ = 0.

DO 30 Ii=1,NG
IF (NR(II).EQ.0) GO TO 30

BINEQZ = BINEQZ + YR(11,13) % ALOGZ{YR(1[,11} * OBS/NR{II)}

CONT §NUE
BINEQ = BINEQ + Y(3J) * BINEQ2
CONT INUE

CALCULATE RS STATISTIC

IF {TINEQ.GT.0.} GO TO 32
PINEQ = G.

IF (BINEQ.EQ.0.) FINEQ = 10D0.0
1XOUT = 1

GO TO 33

FINEQ = BINEQ / TINCEQ * 100.0

EVALUATE NEW GROUP AGAINST PREVIOUS

IF (PINEQ.GT.OLSTAT) GO TO 34
IND = IND - |

MEMBL{1} = ISTORE

PINEQ = OLSTAT

IF (NG.GT . MINNG) GO TO 39

SUMS FOR OFTIMAL GROLPS

DO 35 12:1,NG
NGRP(i2) = ¢
DO 35 J2=1,NVAR
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162
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10% FORMAT [ JHOC, 2ZHOPTIMAL CLASSIFICATION,[5,8H CLASSES,F6.2

SUMX(12,32) = O.

DO 37 12=1,I0B%

DO 36 J2=1,NVAR

LT = MEMBI(12)

SUMX(LT,J2) = SUMX{LT,J2) +« DATA(12,I2)

NGRP(LT) = NGRP{LT} + 1

DO 38 12=1,NG

DO 3% J2=1,NVAR

SUMX(12,32) - SUMX{I2,72) / NCGRP{12)

OLSTAT = PINEQ

CONT INGE

CONT INUE

1IF (IND.EQ.0) ICNT = IONT + 1

IF (ICNT.LT.3} GO TO 24

IF (INTMED.EQ.1}) CALL RITE (MEMI31,DATA,NG, SUMX,TM, SD)
IF (1XOUT.NE. L) WRITE(6,107) NG,PINEQ

IF {(IXOUT.EQ.1) WRITE(6,108} NG,PINEQ,TINEQ,BINEQ
IF (NG.GT . MINNG. ANDL P INEQ. LE . STATMX) GO TO 44

CALCULATE GROUPS MEANS AND 5 b 5

NGMAX = NG

DO 42 I=1, 0BS5S

MEMBZ{1} - MEMBL(1I)

Do 43 I=1,NG

B0 43 F=1,NVAR

CMEAN(T,3) = SLmx(I,1}

STATMX - PINEQ

CONTINLE

WRITE (6,109) NGMAX,STATMX

CALL RITE (MEMBZ,DATA,NGMAX,CMEAN, TH, SD)

FORMAT ({1HO, 19HDATA IN PROPORTIONS}

FORMAT { 1HG, I SHMATRIX TOTAL §5,F10.3)

FORMAT (IH ,i15,10FL0.2/1X%,5F10.2)

FORMAT (1GF2.0)

FORMAT (1HO,]1HTOTAL MEANS//2{1X,10T15.6/})

FORMAT { LHO, L9HSTANDARD DEVIATIONS//2{iX,16F10.6/})
FORMAT (2513}

FORMAT (1HO,I15,3%H CLASSES,Fe.2,19H PER CENT EXPLAINED}

FORMAT (LHG, 15, 8H CLASSES,F6.2,9H PER CENT, TFé6.2,6H TOTAL,

1F6.2,8H BETWEEN)

|,18H PER CENT EXPFLAINED)
RETURN
END

SUBROLTINE RITE

SUBROUTINE RITE (MEMBZ ,DATA,NG,GMEAN, TM, 5D}
DIMENS ION MEMB2( 511),DATA(99,20),GMEAN{ 20,20)
DIMENSION SB({20),TM{20)

DIMENSION ZT(26).,TT(20)

DIMENSION SE{20}

COMVON  LTOBS , NVAR, IOUT, ID,MAXNG ,MINNG, 3UB, 1AGG, TPER, IMEM, IN, IX, 5INC

b, INTMED
WRITE GROUP MEMBERS

X 3 I=1,NG
KK = 0

42

o5

L

140
1Gi
1az
163
4
£0S5

WRITE {&,100) 1
D | =1, 10BS

IF (MEMBZ({1).EQ.I.AND. ID.EQ.1} WRITE(6,10]) {DATA{J,K},K:1,NVAR}

1F (MEMB2{J)} .EQ.l . AND.ID.NE.1) WRITE{6,162) J,
1{DATA(],K} ,K=1,NVAR)

[F (MEMBZ{J}.EQ,I.AND.ID.NE. 1} KK = KK+1

CONT INLE

WRITE (6,108} {GMEAN(L,J),]=1,NVAR)

DIV = FLOAT{KK)

DO 2 J=1,NVAR

SE(J} = SD(J) / SQRT(DI1V}

TT{J) = MEAN{1,J) - TM{I)

CALCULATE Z VALUES

ZT(Iy = TT{1) / SE{1)

WRITE (6,105) (ZT{J},J=1,NVAR)

FORMAT { IHG, SHCLASS | 14)

FORMAT (1H ,20F6.3)

FORMAT (1H ,11HOBSERVATLON, [4,2{20F6.2/))
FORMAT {LHO,?7HZ TESTS//1X,20F6.2)
FORMAT (1HO, 1 | HGROLP MEANS/1X,20F6.3)
FORMAT (1HO,7HZ TESTS//1X,20F6.2}
CONT INUE

RETURN

EN

FINISH
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