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I. INTRODUCTION

(i) Purpose 

Methods which make use of likelihood are becoming a dominant means of infer- (
ence within much of the statistical research of the social and medical sci-
ences. Yet introductory courses in statistics for geography rarely mention, I
let alone fully discuss, the concept or its use. This is all the more rem-
arkable in that likelihood provides both a rigorous and intuitively appealing
approach to the subject of statistical analysis, and an intuitive under-
standing is of the essence for the non-specialist student. In addition,
likelihood provides a unifying framework within which work previously seen
as diverse and unrelated by the majority of students may be seen to be intim-
ately and logically related. Simple least squares regression, contingency
tables and gravity models, for example, need not be presented as isolated
models requiring different, sometimes ad hoc, estimation procedures and diff-
erent statistics for their interpretation.

Likelihood theory is just one of several schools of thought within statistics.
Whilst virtually all statisticians make use of some, often much,likelihood
theory, likelihood purists are rare. The monograph presents the main elements
of the theory as commonly used'. Possible inconsistencies and problems with
this 'impure' approach are discussed in Section VII on alternative statistical
frameworks.

A considerable amount of effort in statistics is spent not in determining
the value of a particular quantity of interest but in determining the level
of uncertainty that exists about this value. Much theory which allows us to
estimate this level of uncertainty performs better when we have large numbers
of observations rather than few, though what is implied by a large number
depends upon the context. In some simple situations of a normal linear reg-
ression model, like that applied to per capita income data in the text, 30
observations may be large enough for our theory to perform well. In other
situations the theory may provide poor guidance even with several hundred
observations. Some caution is therefore required before applying such
'asymptotic theory, as it is known, to more complicated models such as those
in the earthquake incidence or student attendance examples. In practice,
where the number of observations may be quite small, some adjustments may be
desirable which are specific to the particular study. All too frequently,
we know little about such adjustments and tend to rely on asymptotic theory.
I have deliberately chosen to do so in this introductory text to allow the
generality of likelihood theory to come to the fore. Nevertheless, the reader
should be aware that the methods to be described, whilst of general applic-
ability, may be improved upon in some situations.

(ii) Prerequisites 

The reader, for the most part, is not assumed to have much previous knowledge
of statistics. The mathematical prerequisites extend only to simple calculus
and linear algebra: An attempt has been made to explain all statistical terms
as they arise and illustrations have been used for many of the basic concepts.
However, to maintain brevity and fluency, some of these explanations are more
suggestive of the underlying idea than exhaustive and rigorous introductions.
Thus, for example, some readers may prefer to use a more standard text to
obtain a more formal introduction to frequency and probability density
functions.

3



(iii) Chance Variation in Social and Geographical Data 

In statistical analysis our concern is to draw conclusions from limited infor-
mation about some population of interest. A population refers to the universe
or set of all possible elements or individuals which are the subject of study.
In general we might like our study to be of broad relevance, suggesting that
the population in question should be defined as all mankind, all towns or all
earthquakes. In practice we are usually unable to observe the greater part
of such populations, for many of the elements of such populations may have
vanished long before records were kept, may be geographically isolated or
otherwise inaccessible. Unless we can persuade ourselves that such unobs-
ervable elements would not differ materially from those that we can observe,
a population is more properly defined by the set of all possible elements
from which it is possible to obtain information.

The information gathered from any social or geographical survey or experiment
is always likely to be subject to some, often considerable, chance variation.
Such chance variation may be thought of as arising from two sources: stoch-
astic and sampling variations.

(a) Stochastic variation

It is not unusual to observe changes in the response of an individual to a
repeated survey question or changes in the behaviour of an individual in
apparently identical conditions. Such variation might be explained by some
hypothetical biological process of random firing neurons giving rise to
truly random behaviour in the manner of a rolling die giving random responses
of one to six. A more appealing explanation, however, may be found in a
more critical examination of the conditions of observation. Where the exper-
imenter or social investigator may perceive identical observational conditions,
the subject may percieve subtle but important differences, differences suff-
icient to explain changes in response or behaviour. For example, variation
in concentration, hunger and mood of the subject or the context, tone and
intonation of the question being asked can all influence the responses of the
same individual. When observations are made of social or physical aggregates,
such as countries, the exact value of an observed variable will be subject to
a myriad of small erturbatioriLAP_NI_Any_particular value which_tileory might
suggest should prevail. These perturbations are the result of the countless
ideosyncratic decisions  among the unobserved individuals and firms or chance
events among environmental factors, each of which contributes to the eventual
value of the macro or aggregate variable.

This notion of unobserved differences amongst observations is also useful in
understanding the differences in response of individuals who, whilst seemingly
identical in all respects to the analyst, behave or respond in a non-identical
fashion. The individuals may differ in respect of "unobservable" character-
istics such as "motivation" or characteristics which whilst quite measurable,
such as income, were not recorded by the observer. Such considerations give
rise to the second source of chance variation, that of sampling.

(b) Sampling Variation

In studying a particular population rarely is there the time or the money to
allow every member of that population to be examined. More often only a
proportion or sample of the members of the population can be included within
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the study. Sampling describes the process whereby individuals within the
population are selected for inclusion within the set of data to be analysed.
luch statistical theory rests heavily upon the fact that everybody in the
population should have some chance or probability of being included within
the sample. Under simple random sampling each individual has an equal prob-
ability of being selected and selection itself does not disqualify the indiv-
idual from being selected for a second time. The procedure for such sampling
usually involves the ordering of all individuals in the population on a list
(for example, an electoral register, list of premium bond holders, or a
spatially ordered list such as a map) and the selection of individuals from
the list by means of random numbers. The,particulay set_of individuals
studied will therefore be the result  of a chance_process. Due to the observed

and unobserved differences between individual members of ffie population,
this introduces chance variation into the responses obtained from the study.

(iv) Statistical Models and Explanation 
--
The data should therefore be thought of as values from a set of random var-
iables, which whilst sharing some common tendency, are subject to chance
variation. The presence of such chance variation means that we cannot have
mplete confidence in the meaningfulness of the exact values obtained from

the survey or experiment. It is as if we have been presented with a hard
outline (our actual observations or data) which has been drawn from a blurred
image (an image made up of the potential sets of data we might have drawn,
some likely, others less likely). The task of statistics and statistical
modelling is to identify what the underlying object in the drawing might be
and to determine something about its measurements.

In univariate statistics the concern might be to obtain some guidance as to
the value of a particular characteristic of the population from values of
this characteristic from a sample. In multivariate statistics the concern
might be to determine which of the observed characteristics of individuals
and their environment influence or explain their responses or behaviour and
in what manner. This may involve several steps though they may all be per-
formed simultaneously. Firstly, especially when we have little knowledge
about the data and the likely relationships to be found, an exploratory stage
may be undertaken, examining simple plots and associations amongst variables.
Then, with this knowledge, the performance of particular probability models-
are examined. In a probability mode/ the form of the stochastic or sampling
variation and the structure of the relationship amongst variables are spec-
ified, though the quantitative strength of those relationships are usually
represented by parameters, numbers of unknown value but which are to be est-
imated from the available data. A probability model, with parameter values
set equal to some values, allows the calculation of the probability of ea
of the possible responses for a single individual drawn at random from the
population of interest. Model estimation generally involves determining
those values of the parameters which allow the model to predict the responses
of a particular sample of individuals as well as possible. More formally we
are concerned with

(1) identifying an appropriate family of models

(2) estimating values of unknown parameters and the confidence we can
place in those values, on the provisional assumption that the
family of models being considered is correct.
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Often, at any particular moment our attention is focussed upon only a subset
of the assumed relationships and parameters of the model. We may wish to
test hypotheses, that is to say to compare the performance of alternative
specifications for this subset  of the model. The rest of the model then
consists  of 'maintained' hypotheses , or assumptions about the relationshi
ps and parameter values which are not immediately in question. Each of the

maintained hypotheses may, in their turn, be the object of such closer scrut-
iny. By the examination of a series of comparisons or hypothesis tests, much
may be learnt about the data.

What distinguishes a likelihood approach from other approaches is its more
exclusive focus solely on the data at hand. Our objective is essentially to
find a model and set of parameter values for which the data would seem a
natural or unsurprising outcome. The evidence for one hypothesis over another
is determined simply by their relative performance with the data at hand.
This is measured by the relative probability of the data under the model
specified by one hypothesis as compared to that under the alternative hypo-
thesis. It is the probability of the data given the model which is central,
and statements about absolute truths are avoided through limiting ourselves
to a comparison of the performance of alternatives only. The latter is
important in view of the fact that since all models are approximations only,
no model can ever be true in every detail. By contrast, the more usual
'frequentist or 'classical' approach assesses the performance of a hypothesis
by an explicit consideration of the pattern of all possible data sets that
might have been generated under it. If the data at hand do not appear extreme
by comparison with the pattern of possible data sets, then the hypothesis is
not rejected. In essence, calculations are undertaken to assess the probab-
ility of the hypothesis being correct, given the data and the model, but
statements about absolute truths are side-stepped by interpreting a low prob-
ability as evidence against the hypothesis, but a high probability not as
evidence for it, but simply as a lack of evidence against it. This funda-
mental lack of elegance within the classical approach is quickly hidden by
technical terminology, but remains apparent where such basic concepts as
confidence intervals are 'explained'.

Although representing profoundly different philosophical viewpoints, the
procedures used and results obtained by these alternative approaches are in
many cases similar. Frequently, the same decision criterion may be calculated
from the data for deciding between hypotheses. However, in neither approach
should it be thought that statistical analysis involves simply the application
of a potentially automated process of numerical comparison of alternative
hypotheses. Indeed, it is not even possible to lay down precise rules for
the specification of the probability model, though Cox and Hinkley (1974)
suggest that the following are important considerations:

(1) theoretical knowledge about the process and previous empirical
results

(2) consistency with known limiting behaviour; if we know that car
ownership rates decline to zero with decreasing values of house-
hold income then the model should possess this characteristic -
it should not predict negative values of car ownership rate for
very small values of household income
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(3) the model should be in a form such that each parameter has a
clear theoretical interpretation

(4) a model should be parsimonious; it should have as few parameters
as possible, consistent with an adequate explanation of the data

(5) the statistical theory should be as simple as possible.

It is not unusual for at least some of these considerations to lead to con-
flicting demands for model structure.

In the social sciences the relative weakness and informality of much theory
has allowed the simplicity of the statistical theory to dominate many aspects
of model selection. The potential of likelihood methods and advanced com-
puters to extend the range of potential probability models that can be exam-
ined gives increased scope for the development of theory, relatively unres-
tricted by such consideration. The following sections illustrate likelihood
methods for some simple models of wide interest and possessing potential for
generalization to more complex situations. Several themes will be found to
run through all the examples. One less obvious one is the role of the con-
cepts of frequency and probability functions as an economical means of des-
cribing the data and the models. These are introduced here by way of example.

Consider a population in which individuals may possess one of three values,

Such frequency distribution functions are often displayed graphically by
means of histograms.

The function which tells us the number in all the categories from category
1 up to and including category i, is the cumulative distribution function,
F(i)

If we standardize the area under the histogram to be equal to one, by div-
iding by the total number of individuals in all categories, N, we can obtain
two new functions. The function g(i), where

tells us the proportion of individuals in category i. The function G(i),
where

tells us the proportion of individuals in all categories from 1 to i inclusive.
Such standardized functions are referred to as a discrete probability
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The first column indicates the order in which the dwellings were observed,
the second column whether it was a holiday home and the third column the
probability of the observed outcome as given by the probability model.
Since each dwelling was examined independently of the others the probability
of observing this particular set of outcomes is found from the model by

distribution function and a discrete cumulative distribution function res-
pectively.

Many characteristics do not have discrete values such as 1, 2 or 3, but are
measured on a continuous scale. However, similar functions to those described
above for discrete variables can still be obtained.

Conceptually the measurements of the characteristic may be thought of as
grouped into discrete intervals, such as years for the dwelling data of
Figure 3, but then simple limit theory is used to examine the form of the
function as the intervals are reduced in width to nothing. Such a process
gives rise to a probability density function, such as that sketched in
Figure 12, and a probability cumulative distribution function.

II LIKELIHOOD AND LIKELIHOOD METHODS: SINGLE PARAMETER MODELS FOR BINARY
DISCRETE DATA

(i) The Binomial Model - Holiday Homes in West Wales 

We are frequently concerned with determining how many members of a population
possess a particular attribute, and how many do not. From a sample of mem-
bers of the population the number of members possessing the attribute, r,
must be used to make inference about the unknown number R in the population.
For example dwellings sampled from a list of all dwellings in a particular
area may be examined to determine the proportion of holiday homes.

For a simple random sample of size n from a population of size N (sampled
with replacement) the probability model that a dwelling will possess the
attribute, holiday home, is

p = R/N (1)

where R/N is the proportion in the population with the attribute. The
probability that an individual dwelling sampled will not possess the attribute
is, of course, (1-p). Table 1 gives the results from the examination of 10
hypothetical dwellings.

Table 1: Hypothetical Dwelling Survey Results

Then the probability of any particular sample observation on dwelling i is

The probability that r dwellings in the sample will possess the attribute
and (n - r) will not, is the product of the independent probabilities that
each member of the sample is found to have or not have the attribute, multi-
plied by the number of possible permutations of obtaining r from n. This
sample probability P(p; r, n) is therefore given by

(2)

This sample probability can be seen to be a function of the data through r
and n, and the parameter p, which may take on any value within certain con-
straints defined by the parameter space. (In this instance, since p is a
probability, the parameter space is the interval bounded between 0 and 1).
This is a binomial probability model. For a given value of the parameter p
the model allows us to calculate the probability of obtaining any particular
number r with the attribute from a simple random sample of size n. However,
from our sample data we know the values of r and n and our interest is
typically in learning what we can about the unknown value of the parameter'
p, the proportion in the population with the attrioute.

(ii) Likelihood, Log-likelihood and Maximum Likelihood Estimation of Parameters 

The sample likelihood function L(p;r,n), is a function of both the parameters
of the model and tbe data but it is usually abbreviated to L(p). It describes
the relative probability or odds of obtaining the observed data, for all
points or values of the parameters within the parameter space, given that the
model is correct. For the binomial probability model the likelihood function
is given by

(3)
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It may be noted that the sample probability and sample likelihood are equal
for a sample size of 1, providing a method of constructing the likelihood
function from knowledge of the probability process.

It is often more convenient to work with the natural logarithm of the prob-
ability and likelihood functions.

(5)

It may be noted that the likelihood and log-likelihood functions do not
include any terms whose values are independent of the parameters, such as
the factorial parts of the binomial probability model.

Sample data provide us with values of r and n from which we are to determine
the most likely value and plausible range of values for the parameter p.
For our example data of Table 1 the likelihood function is given by

(6)

The values of this likelihood function for various values of p are given
in column 3 of Table 2.

Table 2: Values of the Likelihood, log-likelihood and Relative log-
likelihood Functions

(iii) Relative Likelihood, Relative log-likelihood, Confidence Intervals 

and Likelihood Ratio Test Statistics 
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Figure 2 Relative log-likelihood Function for the Binomial
Model
Curve (a) for sample size 10, 7 with attribute
Curve (b) for sample size 100, 70 with attribute

It is often convenient to be able to define a plausible region within which
we have some confidence that the population parameter lies. A horizontal
line drawn across Figure 2, say at -2, separates that range of parameter
values which are at least 1/7 as probable as the ML parameter estimate (if
log R(p) = -2, R(p) = 0.135 = 1/7), from those less probable outside. By
making use of the LR test we are able to assign to such a range of values
or likelihood interval a level of confidence reflecting our belief that the
specified range contains the true parameter value. The interval defined by

Around the ML (maximum likelihood) parameter estimates i; there will be other
plausible values of p. The relative performance of these other values may
be examined using the logarithm of the relative likelihood function

(9)

This relative log-likelihood function has also been tabulated for the example

likelihood declines, reflecting the fact that the data support values of p
which are close to p rather than further away. As the log-relative likeli-
hood declines so does the relative probability that the sample data could
have been generated by the model with corresponding value of p. The log-
relative likelihood measures the departure from the most likely, or the
plausibility of a particular, value of p, and is itself directly interpretable.
However, many statisticians argue that we should go further and calculate
the probability of obtaining such a degree of departure from the most likely,
using a conceptual model in which we have a large number of hypothetical
samples of size n, drawn from the same population. Such a 'frequentist'
approach, as it is called, argues that in the long-run the probability of
obtaining a particular value of r, say ro, giving a log-relative likelihood
equal to or lower than any specified value is given by a from the Chi-square
distribution. The proof of this is complex but it concludes that

(10)

The relationship is only approximate in small samples but is often taken as
the basis for 'hypothesis tests'.

In the example, to examine the hypothesis that the proportion of holiday
homes in the area is actually 0.5, rather than the ML estimate 0.7, we
calculate the quantity -21ogER(p)1, known as the likelihood ratio (LR) test
statistic. The hypothetical value of p, denoted by po, is equal to 0.5 and
with the information from Table 2 gives

(iv) Sample Size and Additivity of the Log-Likelihood 

With more information we would expect our knowledge of a situation to be
more detailed. If instead of a sample of 10 dwellings with 7 holiday homes
a sample of 100 dwellings with 70 holiday homes was available, how would our

The corresponding value of a, obtained by consulting tables of the X2 dist-
ribution, is = 0.20. We would expect to obtain a sample giving a LR statistic
of 1.64 or larger 20% of the time if the population proportion was actually
0.5. Thus 0.5 seems to. be a reasonably plausible value for p, even though
the sample proportion was actually equal to 0.7.

1 2

two independent samples may be examined together simply by the addition of
the appropriate log-likelihood functions for each sample. For the binomial
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model the joint likelihood for two samples in the example may be combined

(v)Sufficient Statistics 

The likelihood function contains all the information about p that the sample
possesses. The binomial likelihood function of Equation (3) is a function of
the data, but only through n, the sample size, and r, the number in the sample
possessing the attribute. No other information from the sample, for example,
the sequence or order of finding those with the attribute amongst those with-
out, is of use. The numbers n and r are referred to as sufficient statistics
and they embody all our knowledge about the parameter p. Sufficient statis-
tics are quantities calculated from the data which completely define the
likelihood function and which may be used as the basis of all subsequent
inference. The analyst may, therefore, ignore all other aspects of the data
except those that contribute to the value of the sufficient statistics,
provided that the model assumed is correct.

Information within the sample, not included in the likelihood function, is
often termed ancilliary statistics. Ancilliary statistics may be used within
a likelihood approach for model criticism. For example, the binomial prob-
ability model assumes each observation to be independent, that the finding
of one dwelling to be a holiday home does not affect the probability that
the next dwelling will be one. For the binomial model the sequence of
finding those dwellings which are holiday homes and which are not is an
ancilliary statistic. If we had obtained a sequence of 70 holiday homes
followed by 30 first homes we might begin to suspect some inconsistencies
between the assumptions of the model and the data

(vi) Extending the Example 

Concern about the presence of holiday homes stems from their possible del-
eterious impact on local housing markets, community life and, in certain
areas, the indigenous language. Not only is the current proportion of
holiday homes a factor of importance, but also the rate of turnover of prop-
erty ownership, since this provides information about how long into the
future such properties may remain unusable for local housing. Table 3 gives
information on durations of ownership of holiday homes in Cemaes, West Wales
(Davies, 1983).

Table 3: Duration of Holiday Home Ownership (Davies, 1983)

Number of Dwellings Duration of Holiday Home Tenure (years) Dwelling
Years 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

Number sold 124- 10 14 19 14 17 7 11 9 7 4 3 4 2 3 0 0 679

Number Still 343 39 14 38 32 44 29 17 25 21 17 17 21 9 6 2 12 2083
Owned

1 4

The first row contains information for those dwellings for which both the
date of purchase and eventual sale are known. The frequency recorded for
each duration of tenure has been plotted in Figure 3.

Figure 3 Histogram of Duration Frequency for Dwelling Data of Table 3

However, for many dwellings only the date of purchase is known, so that the
observed durations are incomplete. Intuitively we would expect proportionately
more of the longer durations to remain incomplete than the shorter, an expec-
tation which is supported by Figure 3. This implies that a simple analysis
of only those dwellings which have been sold will be biased towards those

sold more quickly.

We need to analyse both completed and incomplete durations and to do this we
must make use of a probability model. The simplest model is one in which
the probability of sale, p, is constant for all dwellings and over all time
Periods. Consider a randomly sampled dwelling i observed as sold after a

(13)

The dwellings in the second row are observed to have simply 'survived with-
out sale for tj years. Their likelihood is therefore given by

(14)
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If the sale of each dwelling can be assumed independent, the likelihood for
the whole sample is obtained, as before, by multiplying the likelihood of
each observation

(15)

(16)

The first term in these functions is for completed durations and the second
for incomplete durations. In Figure 4 the relative log-likelihoods for the
complete and incomplete durations are plotted separately, together with that
for the data combined. The peaks of the functions, and the corresponding
ML estimates of the rate of sale, for the complete and incomplete durations
are clearly displaced from that for the combined data. Indeed the maximum
for incomplete durations data occurs on a boundary of the parameter space at
p = O. The displaced maxima illustrate the bias that would have occurred
had we not used the probability model to allow us to combine the data.

Figure 4 Relative Log-likelihood Functions for (a) Complete, (b) Incomplete
and (c) All Durations

Equation (16) for the log-likelihood can be further manipulated to give us
the following

(17)

This is just the simple binomial likelihood function that we began with
where r is given by the total number of dwellings sold during the observation
period and n is given by the total number of dwelling years observed (inc-
luding the year in which a sale took place). We already know that the ML
estimate of p for such a model is r/n. Thus the ML estimate of the probab-
ility of sale each year, p is obtained from Table 3 as

II. MODELS WITH SEVERAL PARAMETERS

The reader will have been aware that the models so far introduced have at
best been highly simplified approximations of reality. In general the prob-
ability of occurrence, that is the parameter p of the binomial model, cannot
be assumed constant for all individuals in the sample or over all time periods.
Fortunately it is a relatively straightforward matter to extend the model to
allow the probability of occurrence to vary with the value of characteristics
of the individual and their environment. In the previous example the prob-
ability of sale may depend upon the condition and location of the dwelling
or changing holiday taking habits and money interest rates. Indeed the det-
ermination of the possible importance of such causal variables is of prime
interest. The obvious path for developing the binomial model is to make the
parameter p, the mean of the distribution, a function of these variables.
Before examining this development a transformation of the parameter space is
introduced.

(i) Transformations of the Parameter Space - The Logit Transformation for 

the Binomial Model 

Any probability model and likelihood function may be written in terms of a
variety of alternative parameters. For example, the binomial model may be
re-parameterised by the use of a logit transformation with parameter 0 where

(19)

or

Figure 5 The Logit Function

The log-likelihood function for the binomial model in this transformed para-
meter space becomes on substituting for p using Equation (19) into Equation

(3)

(18)

(20)



and

As before the ML parameter estimate is obtained by differentiating this log-
likelihood function and finding the value of 8 which makes this derivative
zero. Using standard procedures for differentiating a function of a function,
(Wilson and Kirby, 1980, p. 143) we obtain

(21)

(22)

function for this logit formulation has been plotted in Figure 6. Notice
that although the log-likelihood of each point along e gives the same likeli-
hood as the corresponding point in the p parameter space, the fact that 0
and p are measured in different metrics means that the actual shape of the
log-likelihood is different. Some transformations lead to log-likelihoods
possessing shapes which are computationally and statistically attractive,
whilst others may create severe problems. In addition different transform-
ations of the parameter space may offer parameters of varying degrees of
interest and ease of interpretation within the particular theoretical context
of the analysis.

Figure 6 The Relative Log-Likelihood Function for the
Binomial Model Using logit Transformation:
sample size 10, 7 with attribute

(ii) The Logit Model - Travel Mode Choice in Sydney 

can De more simply linked to causal variables than the original (0,1) bounded
binomial parameter p. In particular a simple additive function of the foll-
owing form may be used in which

1 8

Table 4 gives information about the travel behaviour and environment of 41
work commuters to the central business district of Sydney, Australia (a sub-
sample from Hensler and Johnson 1981. The first column is the case number.
The second column is a single x-variable describing the ratio of travel cost
by car to that of train from the respondents home to the central business
district. The third column is a standardised cost ratio obtained from the
second by the subtraction of its mean value 1.479. This is in no way a
necessary step in applying the model but allows a zero value for this new
x variable to represent the cost-ratio environment of a reasonably 'average'
individual. The fourth column describes whether the individual commuted by
car or train.

1 9
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Table 4: Travel Mode Choice in Sydney, Australia

Commuter Cost Standardised Car = 1 Predicted
Number Ratio Cost Ratio Train = 0 Probability

1 0.7179 -0.7610 1 .8545
2 1.0000 -0.4789 1 .7875
3 2.146 0.6671 0 .3635
4 1.935 0.4561 0 .4462
5 1.143 -0.3359 1 .7459
6 0.8421 -0.6368 1 .8275
7 1.857 0.3781 0 .4779
8 1.868 0.3891 0 .4734
9 2.000 0.5211 0 .4202

10 0.3750 -1.104 1 .9113
11 0.4762 -1.003 1 .8971
12 4.167 2.688 0 .0207
13 0.5000 -0.9789 1 .8934
14 3.667 2.188 0 .0455
15 0.4167 -1.062 1 .9057
16 1.500 0.0211 0 .6211
17 0.500 -0.9789 1 .8934
18 3.077 1.598 0 .1111
19 1.429 -0.0499 1 .6479
20 1.967 0.4881 0 .4334
21 1.389 -0.0899 0 .6627
22 0.8333 -0.6456 1 .8295
23 2.121 0.6421 1 .3730
24 0.5172 -0.9617 1 .8907
25 2.115 0.6361 0 .3753
26 1.515 0.0361 0 .6153
27 3.194 1.715 0 .0936
28 0.6154 -0.8635 1 .8741
29 2.364 0.8851 1 .2858
30 0.5333 -0.9456 1 .8881
31 0.5556 -0.9233 1 .8845
32 2.500 1.021 1 .2427
33 1.800 0.3211 1 .5011
34 2.000 0.5211 1 .4202
35 2.051 0.5721 1 .4001
36 1.020 -0.4589 1 .7820
37 1.440 -0.0389 1 .6438
38 1.061 -0.4179 0 .7704
39 0.4545 -1.024 1 .9003
40 0.5714 -0.9075 0 .8818
41 ' 0.4000 -1.079 1 .9080

The log-likelihood  function is often more convenient to use, and after sub-

predicted  probability of choosing to travel by car for any individual with
known value for the cost ratio variable. Column 5 of Table 4 gives this
predicted choice probability for each individual in the sample. The var-
iation in choice probabilities from individual to individual about the mean
value of 0.6098 is the result of their cost-ratio environment. Those indiv-
iduals for whom car travel is unusually expensive in comparison to train
travel, tend to have a lower predicted probability of car travel, whilst
those for whom it is unusually cheap have a higher probability. Summing
these probabilities gives the expected number of car users, in this case 25.

If we were able to predict the travel mode of every individual exactly the
value of the likelihood function of Equation (26) would be 1. Of course,
that is an extraordinarily difficult task. This is reflected in practice by

As already emphasized, according to likelihood theory the likelihood surface
contains all the information useful for making inference. But the surface
becomes increasingly complex, indeed increases in dimensionality, as more
complex models are examined. Are there certain aspects of the surface of
particular interest?

In this example we have a particular interest in the value of the parameter



(a) LIKELIHOOD SURFACE

(b) LOG-LIKELIHOOD SURFACE
(CI) PROFILE LOG-LIKELIHOOD

(C) RELATIVE LOG-LIKELIHOOD SURFACE

Figure 7 Travel Mode Choice in Sydney: Isometric Views of the Two-parameter
Likelihood Surfaces
(a) Likelihood Surface
(b) Log-likelihood Surface
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Figure 7(continued) Contour and Profile Views of the Two Parameter Log-
likelihood Surface
(c) Relative log-likelihood surface
(d) Profile Log-likelihood
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by suitable adjustment of the viewing position of Figure 7(b) using, for
example, a cartographic computer package like Surface II (Sampson, 1976).
Such a view would show the profile log-likelihood function (Aitken, 1982) or
maximum relative log-likelihood function (Kalbfleisch, 1979). Figure 7(d)
shows this function, which may be thought of as the transect obtained along
the dashed path of Figure 7(c), obtained by viewing the surface from the
east (right hand side). From this viewpoint the a-dimension is depth, and
we are quite familiar with the notion that a profile view eliminates the
depth dimension. Hence the profile log-likelihood, which will be written

IV THE SCORE FUNCTION AND OTHER TEST STATISTICS

From the previous discussion the idea should be emerging that we can under-
stand data from an examination of the likelihood, log-likelihood or 'profile'
surfaces. Different models of the data are located according to the rest-

Figure 8 (a) Typical Log-likelihood Function
(b) Score Function and Likelihood Ratio Test
(c) Score Function and Wald Test
(d) Score Function and Lagrange Multiplier or Score Test

(ii) The Test Statistics 
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In Figure 8 it is clear that the three test statistics will give different

usually considered in terms of restrictions imposed upon one or several para-
meters; that they might be equal to a particular value or that parameters
must maintain some fixed relationship, such as equality, amongst themselves.
In practice it has been found that each test is more suited to the testing
of particular kinds of hypotheses.

The Wald test is particularly convenient for testing hypotheses about any
single parameter in the model, especially testing if this parameter might be
zero. We may reconsider the very first example examining the proportion of
dwellings which are holiday homes, using the logit framework with parameter
6 in Section III(i). The probability of a dwelling i being a holiday home
was given by

The log-likelihood function was given in Equation (20) as

which differentiated again gives
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Whereas the W test uses information only from the maximum of the log-likelihood
function (or under the unrestricted or alternative hypothesis) the LM or score
test uses information from the log-likelihood function at the restricted
parameter value only (or under the null hypothesis). This may be very useful
if the unrestricted model is very much more complex than the restricted model.

a test statistic with a value between that of the Wald and LR statistics.
In general the ordering of the values of the W, LR and LM test statistics
varies and is a topic of current research.

(iii) The LM Test, Newton Search Methods and Convexity 

For many simple problems the ML parameter estimates age given by simple fun-
ctions of the data (e.g. p = r/n), and inference is made from examination of
the likelihood function around this point. The LM test, requiring information
about the likelihood function around some other point is, therefore, not
currently widely used. However, in more complex problems the ML parameter
estimates cannot be directly calculated but must be found by searching over
the likelihood function to find those parameter values which make it a max-
imum. One such method, the Newton Method, is closely related to the LM test.

This is illustrated graphically in Figure 9 and the similarity between this
diagram and that of Figure 8(d) for the LM test should be immediately apparent.
If a Newton algorithm (Newton-Raphson or Gauss-Newton) is started at the

Figure 9 Newton Search
Method
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(46)

The right hand side is a simple example of obtaining a derivative by taking
limits to give

(47)

(48)

(49)
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It is straightforward to draw more complex forms of the score function for
which the Newton procedure may nor always yield a solution at 6. For example,
if the score function passes through zero for several different settings of
the parameters, representing a log-likelihood function with several peaks,
the Newton method may become trapped in a local peak (or optimum) and the
analyst may remain unaware of the existence of a higher peak elsewhere.
Certain conditions concerning the convexity and regularity of the likelihood
function must be met before we can be sure that we can estimate the true ML
parameters, those associated with the highest peak (or global optimum).
This requirement for a well behaved likelihood function is in fact a general
requirement for much likelihood theory and method.

V LIKELIHOOD METHODS FOR CONTINUOUS DATA

The application of likelihood methods to continuous variables such as time,
height and so on requires no major modification to the procedures outlined
so far for discrete data. As before, we begin by the construction of a
probability model.

(i) The Exponential Model - Times Between Earthquakes 

Some progress has already been made towards the analysis of duration in the
example of time to sale of holiday homes in which time was 'discretised'
into a series of year long intervals. Such discretisation involves some loss
of information as durations which may differ by up to two years are grouped
together. Where more precise duration data is available a continuous form-
ulation may be superior.

Table 5 gives the duration in days between major earthquakes in Southern
California, obvious after-shocks having been removed. In the simplest
continuous time probability model, we consider that there is a constant risk

Table 5: Earthquakes of Magnitude 6.0 or Greater in Southern California
Region 1912-1956

Date (d/m/y ) Interval (days) Magnitude Location

23/6/15 6.25 Calexico
21/11/15 151 7.10 Colarodo Delta
23/10/16 343 6.00 Tejon Pass
21/4/18 552 6.80 San Jacinto
23/7/23 1922 6.25 Riverside
29/6/25 707 6.30 Santa Barbara
18/9/27 811 6.00 Long Valley
11/3/33 2001 6.30 Long Beach
30/12/34 659 6.50 Colarado Delta
31/12/34 1 7.10 Colarado Delta
24/2/35 55 6.00 Colarado Delta
25/3/37 760 6.00 Terwilliger Valley
19/5/40 1151 7.10 Imperial Valley
8/12/40 203 6.00 Colarado Delta
1/7/41 205 6.00 Santa Barbara
21/10/42 477 6.50 Lower Borrego Valley
15/3/46 1242 6.30 Walker Pass
10/4/47 391 6.40 Manix
4/12/48 604 6.50 Desert Hot Springs
21/7/52 1325 7.70 Ken County
19/3/54 606 6.20 Santa Rosa Mountains
24/10/54 219 6.00 Agua Blanca
9/2/56 454 6.80 San Miguel



and for a sample of n independent intervals

The log-likelihood for the sample data is given by

(50)

(51)

and has been plotted for the data of Table 5 in Figure 10.

The ML estimate of A, the earthquake rate, is found in the usual way by
determining the value of A which makes the derivative of the log-likelihood
function zero.

(52)

Figure 11 gives a contour plot of this new log-likelihood function. Our
interest in plausible values of •the 6 parameter can be explored by an exam-
ination of the -15 contour, as 2 below the maximum gives approximate 95%
confidence limits. A moment's examination is sufficient to see that there
is no evidence that the earthquake risk increases with duration since the
preceeding earthquake. It should be noted, however, that the data examined
included only major earthquakes and earthquakes from several fault lines.
A more thorough examination would take size, depth and fault line location
all into account, within the model.

(ii) The Normal Model: Urbanisation and Per Capita Income in the U.S. 

The form of any likelihood function from which all subsequent analysis pro-
ceeds, is determined by the particular form of probability density function
chosen. In the previous examples this selection was based upon a relatively
detailed consideration of the probabilistic aspects of the process being
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Figure 10 Earthquake Log-likelihood for Exponential Model

Figure 11 Earthquake log-likelihood for Weibull Model
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examined, which allowed us to derive appropriate density functions. Deriv-
ation of the Normal density function is more complex and so is not presented
here. It was originally derived in the 19th century as a function to describe
the effects of errors on astronomical measurements. Errors remain a problem
of hardly less importance to 20th century geographers.

Figure 12 Normal Density Function

A normal density function f(y) is sketched in Figure 12, and is defined by
the following equation

(54)

dispersion. Although this density function may look more complicated than
those previously encountered it in fact has some desirable mathematical
features.

A typical example of its use is an analysis of the relationship between level
of urbanism and per capita income. Table 6 gives the percentage of the
population urbanised and the 1981 per capita income for each of the states
of the coterminous U.S.. We could examine the data using a Normal density
function in which the mean was made a linear function of the explanatory
variables:

where i refers to the i'th state. This is an example of a Normal linear
regression model. As with all the previous models we will not be able to
exactly predict the value of the response variable for each state. We
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and the log-likelihood for the sample is given by

(57)

It can be seen from the second term of this equation that maximisina the

minimisation of the sum of squared differences between the actual and the
model predicted values of the response variable y. It is relatively straight-
forward to derive estimates of the parameters using such a 'least squares'
criterion (see Wilson and Kirby, pp 159-62).

The likelihood function itself is a four dimensional surface over the para-

of this parameter. The data strongly suggests a positive relationship
between urbanisation and income levels with a single percentage increase in
the level of urbanisation being associated with approximately 65 dollars of
additional income.

The desirable characteristics of the Normal density function are in part due
to the fact that it gives rise to a loq-likelihood function that is a quad-

that the derivative of the log-likelihood function, the score function, will
be a straight line or flat plane in the a and b dimensions, and that the test
statistics obtained from the LR, W or LM approaches should be identical. In
more complex models using the Normal density this characteristic can be lost.
Aitkin (1982) provides a more extensive discussion of likelihood inference
for the Normal density.
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or

(59)

where
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(58)

Figure 13 Profile Log-likelihood for Normal Model

VI ANALYSIS OF COUNTS

(i) The Gravity Model 

The usual form of the gravity model, which attempts to explain the level of
interaction between places according to their size and distance between them,
may be written

An alternative approach is to make use of a Poisson distribution, a distrib-
ution well suited to the analysis of counts and given by the equation

A Poisson distribution with the mean, p, equal to 2 has been drawn below in
Figure 14.

Figure 14 Poisson Density Function
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(ii) Distance Decay and University Attendance 

Table 6 gives data on the number of students from each U.S. state attending
a 1983 Human Geography class at Northwestern University near Chicago,
Illinois. Data is also provided on the 1980 populations of each state and
the approximate distance from the population centre of each state to Chicago.
How important are the population size and distance away of each state in
determining the number of students from each state? Appropriate instructions
are given in Appendix 1 for the fitting of a model of the form of Equation (65)
using the GLIM computer package (Baker and Nelder, 1974), together with the
output obtained.

The program selects some initial or trial values of the parameters but then
improves upon them in much the same way as the Newton-Raphsor procedure
described earlier. After several cycles the peak of the likelihood function
is reached and the maximum likelihood parameter estimates obtained are

The flows increase with population size but decline with distance. The
plausibility of other values of these parameters may be examined in a variety

Table 6 Data for U.S. States

Percent 1981 p.c. 1980 Distance
State Urban Income Population (miles) Students

Population Dollars (millions)

Alabama 60.0 8,219 3.9 650 0
Arizona 83.8 9,754 2.7 1,456 0
Arkansas 51.6 8,044 2.3 560 0
California 91.3 11,923 23.7 1,848 4
Colorado 80.6 11,215 2.9 907 3
Connecticut 78.8 12,816 3.1 773 2
Delaware 70.7 11,095 0.6 706 0
Washington, D.C. 100.0 13.539 0.6 616 0
Florida 84.3 1 0,165 9.7 1,008 3
Georgia 62.3 8,934 5.5 661 0
Idaho 54.0 8,937 0.9 1,344 0
Indiana 64.2 9,720 5.5 180 1
Iowa 58.6 10,470 2.9 302 4
Kansas 66.7 10,813 2.4 538 1
Kentucky 50.8 8,420 3.7 325 0
Louisiana 68.6 9,518 4.2 795 0
Maine 47.5 8,535 1.1 974 0
Maryland 80.3 11,477 4.2 616 2
Massachusetts 83.8 11,128 5.7 829 1
Michigan 70.7 10,790 9.3 224 4
Minnesota 66.8 10,768 4.1 336 4
Mississippi 47.3 7,408 2.5 694 0
Missouri 68.1 9,651 4.9 336 2
Montana 52.9 9,410 0.8 1,064 1
Nebraska 62.7 10,366 1.6 470 1
Nevada 85.3 11,576 0.8 1,602 0
New Hampshire 52.2 9,974 0.9 829 0
New Jersey 89.0 12,127 7.4 706 6
New Mexico 72.2 8,529 1.3 1,120 0
New York 84.6 11,466 17.6 690 7
North Carolina 48.0 8,649 5.8 661 0
North Dakota 48.8 10,213 0.7 728 0
Ohio 73.3 10,313 10.8 280 9
Oklahoma 67.3 10,247 3.0 672 1
Oregon 67.9 10,008 2.6 1,758 0
Pennsylvania 69.3 10,370 11.9 560 3
Rhode Island 87.0 10,153 0.9 851 0
South Carolina 54.1 8,039 3.1 650 1
South Dakota 46.4 8,833 0.7 661 0
Tennessee 60.4 8,447 4.6 437 1
Texas 79.6 10,729 1 4.2 896 1
Utah 84.4 8,313 1.5 1,266
Vermont 33.8 8,723 0.5 784
Virginia 66.0 10,349 5.3 639
Washington 73.6 11,277 4.1 1,714
West Virginia 36.2 8,377 1.9 448
Wisconsin 64.2 10,035 4.7 112
Wyoming 62.8 11,665 0.5 1,030
Illinois 83.0 11,576 11.4 2



To examine the value of the distance decay parameter b, the profile contour
plot could again be used. Alternatively, because our interest is now focussed

In all the examples so far, the model has been examined peicemeal, parameter
by parameter. However in the travel mode example the idea of a perfectly
fitting model was introduced. A perfectly fitting model can be constructed
by allowing each observation a separate parameter, the parameter value being
such as to make the predicted value from the model (e.g. the number of students
from each state) exactly equal to the observed value. Overall performance
or 'goodness-of-fit may be examined using a likelihood ratio test of the
fitted gravity model, considered as a model with only three unrestricted
parameters (a, cl and 133), against such a perfectly fitting model, with as
many unrestricted parameters as observations. This statistic is available
directly from the GLIM package output as the scaled deviance, With 48 obs-
ervations the perfectly fitting model has 48 parameters, the fitted gravity

the model is plausible. Some caution is desirable, however, in view of the
relatively small sample size. Other measures of goodness-of-fit based on
the W or LM procedures, rather than the LR, might be checked.

The addition of a variable expressing the relative income of a state, Ii,
(Ii = per capita income of state i/mean per capita income of all states),
might be considered. Northwestern University, as a private institution, may
be expected to draw more strongly from the wealthy. The model is now given
by

(68)

1 cycle of GLIM's iterative fitting of the model with the income variable
added, gives the appropriate LM statistic (see Section IV (i) and (ii) and
Pregibon, 1982). The appropriate GLIM commands are given in Appendix I.
The value obtained', 23.1 is much larger than the critical value for the

Figure 15 Contour and Profile Log-relative Likelihood Functions for the
Poisson Regression Gravity Model
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to be obtained from the scaled deviance values (56.4 - 38.0 = 18.4) together
with output giving the parameter estimates and standard errors for the new
fitted model with three explanatory variables.
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(iii) Contingency Tables 

The general structure of the statistical model used to estimate the gravity
model is now often referred to as a Poisson regression model to emphasize its
similarities with Normal regression. Where all the explanatory variables are
dummy or nominal categorical variables a Normal regression model gives rise
to analysis of variance and a Poisson regression model to contingency table
analysis. For example, if population and distance were each classified as
high (1) and low (0), the flows from each state would belong to one of four
categories (high population - high distance, high population - low distance,
low population - high distance and low population - low distance). Summing

VII SCIENTIFIC METHOD AND STATISTICAL INFERENCE

The Statistician cannot excuse himself from the duty of getting
his head clear on the principles of scientific inference, but
equally no other thinking man can avoid a like obligation.
(Fisher 1922, quoted in Edwards, 1972)

(i) Alternative Statistical Frameworks.

Unfortunately, statisticians themselves have not been able to offer an
agreed set of principles from which thinking men and women may gain clear
guidance. There continues vigorous, sometimes vitrolic, debate amongst
them. At risk of oversimplification we may identify three major schools of
thought: Bayesian, likelihood and frequentist. Fisher himself made major
contributions to more than one of these schools at different times in his
career. The main problem seems to be one which is common to other areas of
philosophy, for example social welfare theory. We can list a set of rules
which we would like a statistical method to meet, but find that even though
each rule appears both fundamentally necessary and innocuous, no method can
fulfill each and every rule in all circumstances. Proponents of each school
can point to persuasiye_failings in the others.

The strength of the Bayesian approach is that, quite rightly, they view the
analysis of data as a means of adding to, updating or refining, our knowledge
about a particular topic. We begin the analysis with certain prior views as
to what are plausible values for a parameter and we use the data to improve
these  notions to derive a posterior view. The obvious criticism is that
whereas the data is in some sense objective, the prior views are subjective
and different analysts will hold different prior views and will obtain diff-
erent results as a consequence. The Bayesians reply that to begin an analysis
assuming complete ignorance as to plausible parameter values, as the likeli-
hood and frequentist schools often do, may be woefully inefficient since it
neglects much accumulated but imprecise knowledge that is available. The
Bayesian approach does hold considerable appeal for some specific tasks,

such as the updating of an old input-output table as new but incomplete
information arrives. However, a Bayesian approach is often unmanageably
complex, both mathematically and computationally.

It is also possible to incorporate prior views within a likelihood type app-
roach. In Section II(iv) it was shown how data from two samples could be
combined within an analysis. Our prior views could be represented by a
hypothetical set of data, specially constructed to be consistend with our
expectations of how the process works. This hypothetical data could then
be combined with the objective sample data for analysis.

The frequentist or classical school argue that sampling theory must form
the basis of inference. As explained in the introduction, the sample data
collected may be thought of as just one of,a large , sometimes infinite,
set of possible samples that could have been obtained . A particular infer-
ential decision, say to accept or reject the relevance of a particular
explanatory variable, should be based on the probability that such a decision
would be supported by these other potential data samples. This emphasis on
hypothetical 'long-run results stands in contrast to the emphasis of likeli-
hood-theory solely on the data at hand. Consider the very first example of
6 sample of 10 dwellings classified according to holiday home status. The
probability of the data was given by Equation (2) as

However, the same data could have been collected by a different procedure,
for example continuing sampling until three permanent homes had been sampled.
Under this procedure, although the sample size is not known before hand,
the last dwelling is known to be a permanent home (the 3rd). Thus the poss-
ible permutations of dwellings within the potential samples is therefore
restricted and the sample probability is now

Calculation of confidence intervals for p using standard classical procedures
are different in each case (see Pfanzagl, 1972). For the first case the
lower bound on a 95% confidence interval is known to be larger then 0.4,
whilst in the second it is known to be less than 0.25. The samples are
considered as providing different information. But in likelihood terms both
samples are equivalent since they give rise to the identical likelihood
function (see Equation (3)). Likelihood protagonists point out that if
some quite external event halted all survey work after the 10th dwelling had
been surveyed (such as a nuclear strike vapourizing the survey site), then
data from each sampling procedure must be equivalent. The debate remains
unresolved.

In addition to the'above disagreement, the classical school have constructed
several hypothetical examples in which a likelihood approach appears to
lead to patently incorrect conclusions. These examples have been recently
reviewed (Hinde and Aitkin, 1984) and shown to be unpersuasive, their incorr-
ectness being far from proven.

"The first clear strength of the likelihood framework is that the likelihood
function and the likelihood ratio provide a coherent measure of the 'evid-
ential information' within a sample. Such a fundamental and desirable
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measure is missing in the classical approach and those measures which have
been proposed have been later shown to be equivalent to the likelihood
measure, and thus incompatible with the main body of classical theory.
Another appeal of a likelihood approach is the ability to make inference
purely from the data at hand without the need to consider other usually
hypothetical data.

Whilst no-one doubts the value of a single comprehensive and entirely con-
sistent framework, blind dogmatism cannot in itself provide one. This mono-
graph has used the notion of hypothetical sample data to introduce the idea
of random variation within actual sample data and it has linked likelihood
intervals, LR, W and LM measures to significance levels. None of these would
be eligible within a purist's likelihood approach.

(ii) Likelihood and Entropy 

The relationship of likelihood to entropy has received passing attention
from a number of writers, though no one seems to have provided a definitive
statement (e.g. Wilson, 1981, pp. 75-6; Rao, 1973, pp. 172-5). The best
explored link appears to be that which shows the equivalence of the logit
model and entropy maximizing gravity specifications (Theil, 1972; Baxter
1982). Further understanding would be gained from a mutual exchange of
insights from each approach.
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APPENDIX 1. GRAVITY MODEL EXAMPLE USING GLIM

The following represents an interactive computer session using the GLIM pack-
age. User input has been distinguished from package output by the under-
lining of the latter; the underlining would not normally appear. Additional
comments have been written in italics and would also not normally appear.
The session would begin with a series of machine dependent commands to enable
the user to login and call up the GLIM package. These would result in the
following header being displayed and the ? prompt.

GLIM 3 (C) 1977 ROYAL STATISTICAL SOCIETY, LONDON 
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