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I INTRODUCTION

one-dimensional time or distance series with equally spaced observations
are common in geography. Climatic, hydrologic, economic and demographic
data are all ordered with respect to time, and transect measurements along
a line characterise spatial variation in one dimension. Any of these
series may be regarded as having been generated by a stochastic process,
which is a probabilistic model describing the sequential relationship
between terms in a series. The distinction between purely probabilistic
models, which merely describe the probability of occurrence of a given event,
and stochastic models, which deal with systems developing in time or space
according to a probabilistic law and hence involve consideration of the
sequence of events, is clearly explained by Chow and Kareliotis (1971).
A stochastic model describes the manner in which a series fluctuates over
time or distance, the oscillations being a reflection of a certain pattern
of serial correlation between values in the series. The theory of
stochastic processes, and the methods of identification of the model under-
Tlying or generating a particular series, are becoming increasingly important
in geographical data analysis, especially as it is recognised that the many
data series exploited by geographers are not uncorrelated, as is assumed by
the conventional statistical techniques hitherto applied (Unwin, 1977).

(i) Types of data and forms of analysis

The theory of stochastic processes becomes more complex if data are
sampled at irregular intervals; thus discrete equally spaced observations
are assumed in this introductory monograph. Many geographical series are
in fact continuous, and discrete series must be obtained from them. This 1is
achieved in one of two ways. The continuous series may be sampled, or
aggregated. A sampled series consists of values read from a continuous
series at equally spaced points, whereas an aggregated series involves
accumulation and averaging within equal intervals of time. The example of
the river bed-profile, used below to illustrate the techniques of
stochastic modelling, is a sampled series, and the streamflow series is
aggregated. Clearly no amount of analysis can provide information about
fluctuations in the continuous series over intervals less than the Tength
of the sampling interval; thus, no hydrological processes operating over
time scales less than five days can be inferred from the analysis of the
streamflow series. Some series are intrinsically discrete, and are
associated with a set of discrete states. For example, in successive time
periods a family may be defined as Tliving in the suburbs, the countryside,
or a town. The probability of moving to a given state from an initial
state may be defined, and the set of probabilities compiled as a transition
probability matrix. The appropriate means of analysis of such intrinsically
discrete data is by Markov chains (Collins, 1975).

Two modes of analysis of the discrete approximations to continuous
series are available. Analysis in the frequency domain involves decomposing
a series into sine and cosine waves of different frequency and amplitude
using harmonic or spectral methods (Rayner, 1971). Six years of monthly
temperature data at a mid-Tatitude meteorological station will be dominated
by a waveform of frequency K = 6, and the wavelength of this cycle is given
by the series length (6 x 12 = 72 months) divided by the frequency. In
Tess clear-cut examples, the object of frequency analysis is to identify
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those frequencies (wavelengths) which contribute most to the variance of
the series. The frequency concept may be meaningless in spatial data
(Granger, 1969), although Kendall (1973, p.5) accepts the validity of
frequency analysis of one-dimensional distance series. However, spectral
methods are less useful for modelling series, for example for predictive
purposes, where it is preferable to define the stochastic model in terms of
a timedomain analysis. Such an analysis investigates the relationship of
values from one term to the next as exemplified by serial correlations.
This monograph is therefore restricted to the analysis of one-dimensional
series, either time series or distance series measured along a line, in
which discrete measurements of a continuous variable are available, and

for which analysis in the time (space) domain is appropriate. Some general
comments are made in Chapter VIII about frequency analysis and the relation
between continuous series and their discrete approximations.

(ii) Fundamental concepts of time domain series analysis

Three basic concepts underlie this form of analysis. First, the
technique of serial correlation, or autocorrelation, may be used to
demonstrate dependency between values in a series at different lags. Second,
any observed series is a realisation of a particular stochastic model.
Thirdly, different stochastic models have characteristic autocorrelation

patterns, so that by calculating autocorrelation coefficients for an observed

series, it is possible to identify the type of generating stochastic process.
(&) Autocorrelation

Autocorrelation is a simple technique which is an extension of
conventional correlation analysis. The only important complication
is that autocorrelation coefficients can only be interpreted successfully
if the series from which they are derived is stationary. This means
essentially that the series must be free of trend in mean and variance; the
stationarity assumption is discussed more fully in Chapter II. A
conventional correlation coefficient is given by

Xy
NEx? gyl (1.1

where ¥, y are deviations from the respective sample means ¥, V.
Autocorrelations are calculated for a single variable in a one-dimensional
series. Given Xp = x,X;,X3....,%y, 49ain as deviations from the series
mean, the lag one autocorrelation 15 calculated by pairing X, With x¢yp ),
thus:

¥ o=

(1s %23 [X2s x3) (X3, %) .oon (Mg, Xy).

The Tag four serial correlation is obtained by pairing x, with x

thus: b

{X’ll, X!;) (X;'_,, XE) (Xg, X';r) e (XN-ﬁ XN}.

As the lag increases, the number of pairs in the calculation of the auto-
correlation coefficient decreases, and conventionally the series length
should be at least N = 50, and the maximum lag k should be N/4. To estimate
the autocorrelation coefficients for a stationary series, we calculate

L P for lags k = 1,2, 3 ... /& (1.2)
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and a plot of the autocorrelations r, against lag k is the autocerrelariorn
function O correlogram. In fact, ¥or N > 50, the two sums of squares in
the denominator of{1.2)are virtually equivalent, so the equation becomes
X, %
t+k
ro= o for lags k =1, 2, 3 ... N/4 (1.3}
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which indicates that serial correlation is even simpler than conventional
correlation.

(b) Series as realisations of stochastic models

There are two main types of stochastic model, autoregressive (AR) and
moving average (MA) models; these are considered in detail in Chapter III.
The simplest AR model is

Xt = ¢1 Xt_l + Qt (].4}
which simply states that the value of the series at a given point in time,
1, s a constant (%) times the preceding value, plus a random component
fer). The meaning of autoregression is evident, since this relationship
is a Tagged regression of the series on itself. This is a firsc-orier
autoregressions higher order models involve autoregression on successively
more remote preceding values., The simplest MA model is

X, = e +2 e i1.5)

in which a series is a Tinear weighted sum of present and past random
values.

In both types of model, the random component is important because it
enables a specific model to generate an infinite number of realisations.
Consider the model

X, = 070 x,_ + e, (1.6)

The 10 values of e, {e; to @15 } Tn row 'a' of Table T cause this model to
generate the series x, to x,pin row 'b' from an initial value of X, =

1.0, whereas the alternative sequence of e; values in row 'c' generate

the series x¢ in row 'd' from the same initial value, Both x; series

are realisations of the same model, and that in row ‘d' most clearly
displays the characteristic pattern of reversing sign expected in a series
generated by a first-order autoregressive model with negative coefficient,
such as that of equation 1.6. That this is not so evident in the xg
series of row 'b' is a reflection of the particular randem sequence of e,
values,



Table 1. EXAMPLES OF SERIES GENERATED BY THE STOCHASTIC MODEL OF EQUATION
1.6

t= 1 2 3 4 5 b 7 8 9 10

al e +0.3 -0.5 -0.1 +0.2 +0.1 -0.4 +0.1 -0.1 +0.5 +0.2

bl x -0.40 -0.22 -0.05 +0.24 -0.07 -0.35 +0.35 -0.35 +0.75 -0.33

c| e +0.2 +0.5 -0.1 +0.1 -0.4 +0.1 +0.2 -0.1 -0.5 +0.3
d| x -0.50 +0.85 -0.70 +0.59 -0.81 +0.67 -0.27 +0.09 -0.56 +0.69

(c) Identification of the stochastic model generating an observed series

Although a given model may generate an infinite number of series, it
is possible to identify the model generating a particular series because
each type of model generates series with a characteristic pattern of
autocorrelation. Thus, given a stationary series of N > 50 observations,
equation 1.3 can be used to calculate autocorrelations r, for lags up to
k = N/4, and the plot of rk against k (the correlogram) may be examined
in order to suggest the nature of the underlying generating stochastic
model. Box and Jenkins (1970) emphasise a strategy for stochastic model
building which is followed in essence by this monograph, and requires
the following sequence:

Observation - in which the discrete series is measured by
sampling, or by aggregating.

Description - in which the mean and variance of the series are
estimated, and a plot illustrates its basic
structure.

Identification - in which the autocorrelation function (and the
partial autocorrelation function) are used to
identify the underlying generating process. This
stage is considered in Chapter IV.

Estimation - in which the parameters of the identified model
are estimated from the data. This is dealt with
in Chapter V.

Diagnostic - in which the fit of the model to the observed data

checking is assessed; any failure to fit satisfactorily
-requires reassessment of the identification and
estimation stage. Checking methods are outlined
in Chapter VI.

(iii) Geographical applications of series modelling

These techniques have been applied most frequently to time series
(Box and Jenkins, 1970; chatfield, 1975). Examples of time series
analysis in economic geography are common (Bennett, 1974), although some
investigations have used cross-correlations between time series in different
regions to evaluate leads and Tags and introduce a spatial element (Bassett
and Tinline, 1970; Cliff et al, 1975). Hydrology is a fertile ground for
time series analysis (Matalas, 1963; Carlson et a1, 1970; Edwards and
Thornes, 1973). However, in geomorphology analysis of one-dimensional
spatial series is well-established, particularly in studies of river bed
profiles and meanders (Melton, 1963; Nordin and Algert, 1966; Richards,
1976a; Ferguson, 1975; Thakur and Scheidegger, 1970).

The objectives of series analysis in classic control engineering
texts (Box and Jenkins, 1970) are in forecasting and control; a future
value of a series is predicted and feedback or feed forward control
schemes are designed to minimise variation of that value from a target
value. If series analysis in geography has alternative objectives, this may
present the methodological problems which are considered in Chapter VII;
in particular, description and explanation of series behaviour may be more
important than prediction and control.

a) Description. The stochastic process is a statistical model
describing series behaviour in a concise, quantitative manner. It can
be used to define objectively parameters which are difficult to measure
subjectively; for example, gravel bed streams have a quasi-oscillatory
variation of bed elevation involving high points (riffles) and Tow points
(pools), and the second order autoregressive model fitted to sampled
elevation series provides a basis for objectively estimating the wavelength
of the riffle-pool oscillation (Richards, 1976a).

b) Explanation. The stochastic model in itself provides no explanation
of causal mechanisms, but may relate to additional, theoretical information
to give a quantitative, mathematical summary of a qualitative explanation
of the structure of a series. The relationship between model form and
theory is clearer in physical geographical examples where a physical
mechanism can often be found (see Chapter VII, section (i) for a brief
summary of the mechanisms associated with stochastic models fitted to the
two examples of series analysed in the text).

C) Forecasting. Forecasting is a relevant objective in time series
analysis; in a distance series observed at a particular time, the (n Dth
value is usually measurable at that time. Examples where forecasting is
applicable include studies of climatic series (e.g. the analysis of air
pollution data by Bennett et al, 1976), and of economic series (unemployment
and population data; Bennett, 1974; 1975). Stochastic models fitted to
streamflow series are often used to generate synthetic data series to
augment the relative shortage of such data for resource planning purposes
(Quimpo, 1968).

d) Control. Although practical application of stochastic modelling

in geography is unlikely to involve computer production control systems,
control policies may be adopted to prevent undesirable forecast values
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of unemployment, air pollution, or water quality (Edwards and Thornes,
1973) from arising.

(iv) Prerequisites

The bivariate normal regression model underlies much of the theory of
stochastic processes, and as prerequisites for reading this monograph it
is suggested that some understanding of this, and of the mechanics of
correlation and regression (Ferguson, 1978), is useful. Additionally,
proficiency in elementary algebraic manipulation is desirable (matrix
algebra, however, is not required).

II DATA PREPARATION

Given a series of data values sampled at discrete, equally spaced
points through time or along a Tine (not necessarily straight), some
preliminary operations are necessary before a stochastic process can be
identified. The series must be srarronary before analysis. A stationary
series is one in which the population mean (P .) and variance (at) are
constant with time. Furthermore, the covariance between pairs of values
X¢ and xt.kx, separated by a lag of k time units, depends only on the
magnitude of the lag k and not on the absolute values of time t. This
covariance is termed autocovariance,Yk. In qualitative terms, the
stationarity assumption implies that the law that generates the data is
constant over time or distance (Granger, 1969, p 2).

N B Y Po—t
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Figure 1. Stationary and non-stationary processes.
(A) A stationary process with constant mean and variance - a
realisation of the process is sketched.
(B) A non-stationary process with trend in the mean, but constant
variance.
(C) A non-stationary process with constant mean but time-
dependent variance.

Figure 1 distinguishes stationary from non-stationary processes involving
changes of mean, or 'level', and variance. An individual time series is
seen from this diagram to be a set of sampled values from the probability
distributions of the phenomenon measured at time t = 1, 2, 3.... N. The
mean and variance of the stochastic process underlying, or generating, this
individual time series are estimated from the mean X and variance S of the
sample time series itself;

N
o 1
X‘NZ Xy @.1
t =1
|
N
1 -
$2=0C =g E (X, - XY 2.2

These equations explain the importance of stationarity; the assumption is
that N values, one from each of N time periods, are equivalent to a sample
of N values from the probability distribution at a single point in time.
If mean and variance change through time, this assumption no longer applies.
The same is true of estimates of autocovariance at different lags, k up to
a maximum lag, L (equal to N/4);

N -k
] . -
Ce = E (x, = %) (- % k=120
t=1 @2.3)

N - k may seem a more logical divisor in equation 2.3, and is used in an
alternative estimator of the autocovariance (Chapter VII). Dividing the

sum of N - k Tagged products by N clearly underestimates autocovariances

at Targe Tags, which has a practical advantage of discouraging spurious
interpretation. wWith series of N > 50, and maximum lags L « N, if
attention is concentrated on autocovariances and autocorrelations at small
lags, the divisor N is satisfactory. Since the autocorrelation at lag k

is simply the autocovariance at that lag divided by the variance of the
series (equation 1.3), it follows that correlations, as well as covariances,
are independent of absolute time.

Before identifying and estimating the stochastic process generating
the time (distance) series, the data are manipulated to comply with the
stationarity assumption; normalisation and trend removal are particularly
important procedures.

(i) Normalisation

Some series will benefit from conventional transformation procedures,
to ensure approximation of the distribution  of data values to normality.
For example, Box and Jenkins (1970, p. 178-197) analysed the series of
wolfer sunspot numbers from 1770 to 1869. The mean of this series is
46.9, and the standard deviation 37.2. The minimum recorded value is zero
(1810), and the maximum is 154 (1778). The distribution is therefore non-
normal and right-skewed, and an initial transformation is desirable in order
to approach normality and stabilisation of variance. One important
implication of the Togarithmic transformation is that it converts a non-
Tinear, multiplicative relationship between the terms of a series into a
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Tinear, additive one (see Chapter VII, section iii).

(ii) Trend Removal

If the series is stationary it is usual to express the data in the
form of a series of deviations from the mean, that is

x, =X -X Q.4

However, many series are non-stationary in that they exhibit trends in mean
and/or variance. Both trends must be removed before the techniques of
serial correlation are applied to the residuals from the trend(s). The
problem can be illustrated with reference to stream bed elevations, which
decline downstream along the profile, while experiencing an irregular
oscillation about that trend as a result of the riffle-pool sequence. As
the stream gets larger downstream, the amplitude and spacing of that
oscillation may increase, so that the mean and variance of the series both
trend in the downstream direction. Some of these changes may be abrupt,
at major tributary junctions; this type of trend is difficult to remove by
conventional methods.

At the trend removal stage in the analysis, deterministic and stochastic
components in the data may be considered. True deterministic series are
rare, but many include elements of both. Yevjevich {1871}, for example,
suggests that total stream discharge, Qp , can be considered as the sum
of a deterministic and a stochastic element, with the former being a
decreasing proporticn of Qp as forward prediction becomes more remote. In
more general terms, a long series of monthly streamflow averages could be
written

Qp = DR + Dc + Qg f Qg {2.5)
where total discharge is the sum of components due to temporal trend
{Qg » @ regression trend}, seasonal cyelic variations above and betow the
trend value {Qq }. a stachastic component described by one of the models
outlined below {Qg ) and an unpredictable, residual error component {Qg )
which is a normal, independently distributed random variable with zero
mean and constant variance (NID {0,0&)). There are two deterministic trend
components in this case - the regressicn and the sinusoidal trends of Qg
and Og . The additive nature of the components of equation 2.5 is indicated
by Figure 2.

The choice of trend removal technique will be dictated by the nature
of the data and the purpose of analysis. Trend may be treated as
deterministic or stochastic.

(&) Deterministic trends

In geomorphological distance series, deterministic trends may be
identified. Bed-profile elevations decline progressively downstream, and
the gradient of this trend may influence stream power and sediment transport
processes, so that the long profile trend is deterministic in the sense that
it partly controls processes responsible for the oscillation of the riffle-
pool sequence. In a short reach of a few hundred metres a linear or Tow
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order polynomial regression trend may be subtracted from the initial bed
elevation data, while a long series of several kilometres may demand a
Togarithmic long profile curve. Usually, such trend removal produces a
residual series with minimal low-frequency variance (Granger and Hatanaka,
1964, p.136).

In meteorological and hydrological data sets, a deterministic oscillation
may exist which reflects seasonal variation of temperature, rainfall or
runoff. Annual temperature cycles, of fairly constant amplitude and wave-
length, are controlled by the annual variation in the solar elevation. A
deterministic waveform may be subtracted, and a stochastic process identified
in the residual series. Monthly discharge data often exhibit trends in mean
and variance, with higher and more variable winter discharges. A convenient
way of removing the seasonal trends in mean and variance involves the
transformation 06 mon;h1y discharge Qt to Xt by

. T (2.6)
t 3
T
where M_ and S. are the mean and standard deviation of discharges for the
month 1° The counter t runs through the whole data series (i.e. from month
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1 to 60 for 5 years of data), while T counts through the twelve months of
the year then repeats. The twelve expected monthly means M; are
represented by the sum of harmonics

1

. 12 5 2Kt ; 2uKT
Moo= 72 Z q__ + i A cos —.|—2~—
- i (2‘7)

=y =

where the (. are the twelve monthly means. The monthly standard deviations
are generalised by a similar expression {Yevjevich, 1971; Anderson, 1975).
Thus under certain circumstances, harmonic analysis may identify a deter-
ministic trend, which is subtracted from the data before serial correlation
is applied to the residuals. It may be necessary to remove a regression
trend before a (seasonal) sinusoidal trend. The least squares method
employed to fit sinusoidal functions is outlined by Rayner (1971, p.12-25).

Polynomial or harmonic regression trends, although considered
deterministic, both involve estimation of parameters which are estimates,
in the statistical sense, of population values. This presents a
methodological difficulty in this aspect of the analysis.

(1) Stochastic 'trends'

A stochastic 'trend' is a type of non-stationary behaviour in which
random changes in level (mean) and slope occur in the data series. Box and
Jenkins (1970) favour the method of differencing to render such a series
stationary and amenable of analysis. This produces a transformation Zt from
tae ariginal Xt by

7 o=% -X {2.8)

t L t -1

Further differencing may be undertaken if Zt is stil} non-stationary, i.e.

Zt = Zt - Zt - (2.3
[f a stationary stochastic process can be fitted to the series Z the
original serfes X; can be recreated from

L Zt + Xt . {2.10)

given an initial value for X, . Some problems of conventignal Tinear
vegression trend removal are 111ustrated by these d1fferenc1ng and cumulating
methods,  If a random series {Z,), which is NID (0O, o}, 15 cumulated by
equation 2,10, the result is a stochast1c sequence with an apparent trend.
Removal of th1s trend by Tinear regression, and serial correlation of the
residuals, may yield significant serial correlations despite the random
nature of the initial data.

This method of achieving stationarity permits identification of pure
stochastic autoregressive, moving average or mixed models. If a series
requires differencing before the stationarity assumption is met, the model
generating the series is referred to as an integrated model. A general
representation of such a model is provided in the abbreviation ARIMA (p,d,q),
where p is the order of the autoregressive component, d is the degree of
differencing required to achieve stationarity, and q is the order of the
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moving average element. ARIMA (2, 1, 0) indicates a second order integrated
autoregressive process in a series requiring one differencing. The only
slight drawback in this method is the progressive data loss with each
differencing, a problem which may be serious in short data sets. Neverthe-
Tless, 1in practice it is rare for d to exceed 2.

(iii) Examples - the riffle-pool sequence, and annual streamflow variation

The first data series employed in this monograph as an example is a
distance series of bed elevations along a bed-profile of a riffle-pool
stream. The example is a reach on the River Fowey, Cornwall, illustrated in
Figure 3.

Low flow water sul‘ruce arufile

— =
|

X - A X 5
Fitted trend line Hd-O 22+0-00240D gy Mertical Exog 10
a 10 J
o] le] 20 50 100
Metres

Figure 3. Bed profile series, River Fowey, Cornwall.
A downstream trend was generalised by the Tinear regression
=0.22 +0.0024 D (2.11)

fitted to 54 pairs of values of distance {from D = 0 to D = 106 m upstream)
and elevation (Hy) above zero datum at the downstream end, Heights were
measured, in metres, at equally spaced intervals (2m} giving about 12

data points per oscillation {Nordin and Algert, 1966, p.101},

There is no a priori reason to assume a regular wavelength or
amplitude for the riffle-pool 'cycle', so removal of a harmonic trend would
be unjustifiable. Deterministic waveforms do not adequately describe the
irregular bed profile oscillation. Furthermore, removal of a harmonic trend
as well as the regression trend demands storage of at Teast four parameters
- intercept and coefficient of the regression, and sine and cosine coeffic-
ients. Thus, Table 2a simply lists the regression residuals, from the up-
stream end moving downstream, since this is the direction in which any
process Tink would operate. This residual series will be investigated
further in order to identify the generating stochastic process.

The second series to be analysed consists of a set of 73 pentad
streamflow means for the same river at the Trekeivesteps gauging station.
Each value represents the mean of 6 years of data for the particular 5-day
period involved. Thus 6 years of daily data (a total of 2197 values) are
reduced to the somewhat more manageable proportions listed in Table 2b.
This method has two important effects which must be emphasized. First, it
suppresses the evidence for any trend over the 6 year period, and second,
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Table 2. DATA TABULATION

A. Bed elevations

Upstream end

0.013
0.005
0.065
0.177
-0.031
0.006

B. Pentad streamflow

River Fowey, Trekeivesteps gauge, Oct 1 1958 to Sept 30 1964.

0.019
0.070
-0.038
0.212
-0.018
-0.049

oct 1-5
2.21  2.24
0.76 0.71
2.60 2.83
0.42 0.60
1.97 1.89

-0.43 -0.05
1.49 1.49
-0.48 -0.41
1.84 1.60
0.66 0.49
0.64 0.57
0.05 0.01
0.54 0.46
-0.06 -0%17
0.72 0.62
-0.49 -0.67

River Fowe
-0.107 -0.085 0.047
0.063 -0.022 -0.009
-0.051 -0.075 -0.121
0.131 0.053 -0.032
0.060 0.061 0.061
-0.116 -0.218

1

-0.

2

0.

.61
00

51
24

1.47
-0.22

2.82
0.51

2.42
0.08

2.04
0.29

1.30
0.34
0.42
-0.10

0.58
-0.15

N o

1.
0.

.49
.28

.53
.18

.10
.20

.57
.10

11
22

0.41

-0.

0.
-0.

10

71
07

Cornwall. Regression residuals (m).

(sept 26-30)

0.031
0.024
-0.114
-0.063
0.090

.60
.25

.24
.13

31
.05

.56
.03

.99
.16

.52
.02

.71
.14

14

2.31
0.39

2.24
-0.15

1.85
-0.36

1.54
0.03

0.81
0.04

0.039
0.028
-0.109
-0.079
0.094

Downstream end

o~

.36
.37

31
.10

.62
.54

.50
.07

.79
.08

.75
.23

.67
31

0.020
0.032
-0.130
-0.106
0.100

-0.008 -0.037
0.010 0.096
0.086 0.004
-0.064 -0.027
0.113 0.071

2.30 2.89
0.24 0.77
2.74 2.61
0.33 0.20
1.19 1.59
-0.91 -0.45
1.47 1.57
0.13 0.31
0.72 0.72
0.05 0.10
0.54 0.45
0.00 -0.11
0.73 0.69
-0.32 -0.44

averages and residuals from the annual cycle (cumecs)

it considerably reduces the variance of the series actually being analysed.
This latter point is analogous to the problems that arise if a linear
regression is fitted to a set of measurements made at fixed values of X; if
all the original data are employed, the correlation coefficient will be
Tess than that which is obtained if the analysis is conducted on the set of
mean values for each X. Because of this reduction in variance, the annual
cycle emerges very strongly in a harmonic analysis of the data in Table 2b,
with 80% of the variance being explained by a wave of frequency K = 1. Thus
the first stage in analysis of these data is the removal of this determinis-
tic cyclic component and calculation of the residuals, which are also listed
in the Table and are subsequently analysed in order to identify the
generating stochastic process. Figure 4 shows the original series and the
fitted cycle, and the evidence for non-randomness among the residuals is
clear.

Discharge f{cumecs)

Pantads

A
Fin ﬁ AN A
| g 1} A -
\

Residuais
o

-1

Figure 4. Pentad streamflow series for River Fowey at Trekeivesteps
(A) and series of residuals from the annual cycle, (B)

The general procedure in analysis of any series begins by assessing
the trend components, perhaps using regression methods as in the bed profile
example (Table 2a). Secondly, a cyclic component is identified if appropr-
jate, and is subtracted from the residuals from the trend (cf. Table 2b).
Thirdly, the residuals from trend and cycle are analysed by the techniques
described in the following chapters, and a stochastic process is
identified. The appropriate AR or MA model is then subtracted to obtain a
final residual series; if this is a random series, the AR/MA model has been
correctly identified, but any remaining sequential correlation reflects a
failure to identify the appropriate stochastic process in the third stage of
the analysis. This progressive break-down of the series into its
components is shown in Figure 2.
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III TYPES OF STOCHASTIC PROCESS

The procedures outlined in the previous section indicate some of the
techniques available for producing a stationary time or distance series.
Either by estimating the mean and expressing the series as deviations from
the mean, or by calculating residuals from polynomial or sinusoidal
regressions, or by differencing the initial data, we are left with a series
whose mean is zero, and whose values represent normally distributed
deviations about that mean. It is now possible to consider the problem of
identifying within that sequence of observations a stochastic process which
expresses the relationships between successive values in the series.
However, before examining the practical techniques for achieving this end,
it is necessary to outline the main types of stochastic process.

A1l stationary, normal stochastic processes may be considered to be
generated by a series of random 'shocks', however much dependency exists
between successive values in the time/distance series which they represent.
The observed time series may be viewed as the output from a linear system
which 1is itself described by the stochastic process equation, and which
transforms the random input shocks into the observed output. This is
illustrated in Figure 5.

INPUT - LINEAR SYSTEM o QUTPUT
&4 (INFUT) - Xy=08%q+ep | Xt o tOUTPyUT)
Kautoregressive magar) o

e
t {INPUT} - Xt=-0-Be€t_-1 + &1 Iy [OUTPUT)
A ing average model -

Figure 5. The stochastic process as a linear system transforming an
independent, random input shock into an observed output time
series.

The simplest example of this idea is the drainage basin hydrological process;
the basin provides a complex physical mechanism for transforming an input
sequence of precipitation, which may be random in quantity over space and
time, into a (relatively) smoothly varying output series of discharge values,
which may not be temporally random but may show a sequential correlation from
day to day. The stochastic process represents a simple statement of the
Tinear function which forms a black-box model of the transformation process.
In Figure 6, this idea is extended further using the two stochastic processes
shown in Figure 5. In each case, a normally distributed random variable
‘et‘, with zero mean and constant variance a3, is sampled at time periods
t-1,%t t+1 ..., etc. The samples are random and uncorrelated; this
emphas1ses a point already noted, namely that if it were possible to re-run
time and draw different values at random from the distributions of the input
variable 'e.' at each time period, a different realisation of the same
stochastic process could result. In the Figure, successive sampled values
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Figure 6. Transformation of input of an independent random normal variate
to an observed time series by
(A) an autoregressive linear filter and

(B) a moving average linear filter (or stochastic process).

of the independent, random 'shock' are transformed into the observed output
time series x. by the Tlinear function of the stochastic process, which may
be either an AUTOREGRESSIVE Or & MOVING AVERAGE model. In the former,

the observed value of the time series is dependent on a prior observed

value plus the present random shock (or 'error' term), whereas in the Tlatter
the observed value of the time series is dependent only on present and

past shocks.

To enable comparison between the two diagrams, the input sequences are
both drawn frem a normal distribution with unit standard deviation, and the
valuss are identical. These random series form the inputs to an auto-
regressive process in Figure 6A and a moving average process in Figure 68,
The coefficients of these processes, both of which are first-order (showing
dependency only on the previous values of e, or x;), are each 0.8 The
autoregress1ve process demands dependency on the previous x, valug, 50 x_,
is taken to be 1.0, whereas the moving average process 1mp$1es dependency
on the previous e, value, and in this case {(Figure B6B) e,_, i3 taken to be
1.0. Thus x,_, in Figure 6A is given by

Koo, =08 e
= (0.8) (1.0} + (-1.5)
= -0.7
whereas x, in Figure 6B is given by
Xepo =088, FE
= {0,8) (0.1} + {-0.2)
= ={0.12

The most obvious difference between the two output series, xe. 1S that the
autoregressive process produces a smoother output, with a higher degree of
sequential correlation between successive values of the x, series, as would
be expected from the structure of the model. The importance of the
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probabilistic component in a stochastic process is also clear from the
diagram. If sequential dependency was merely expressed as

X, = n.8 X,

for an autoregressive process, an x_ series of deviations from a zero mean
would Ttself converge to zeros if xt was 1.0, X, would be 0.8, x,, 0.64 and
x1: would be 0.09. It is only the input of the random component that 'throws’
the series from positive to negative values,

The two basic types of stochastic process introduced above - auto-
regressive (AR) and moving average (MA) - may seem rather different, but
mathematically they are closely related. The first order models used in
Figure 5 and 6 display dependency on the previous value of the random input
series (the MA model) or the series itself (the AR model). In the MA model,
the observed time series x. is Tinearly dependent on a finite sequence of
independent shocks, or error terms, and in the case of the first order model
this extends only to the preceding shock. The AR model, however, implies
an infinite Tinear dependence on previous shocks, but a finite dependence on
previous values of the x series itself. This can be proved by successive
substitution; =

If this expression for x.-, s substituted in the first, we get

xo= @ {hx te J+e

1tz t-1 t

This process can be repeated for x._, and continued until eventually we
arrive at :

e

XL = E {l]»g et-j},
j=0

because 3T x,__ converges to zero as mse, since 4, Ties between + 1 and -1.
Thus the AR process is expressed as an infinite MA process. The stochastic
processes with which we are concerned are therefore members of a single
basic family of models, and the dualism between MA and AR processes is worth
remembering because it is reflected in the different nature of their
correlograms (see Chapter 4). Qualitatively, it effectively means that the
AR process, with its dependency of values of X, on previous values af this
output series, has a long-term memory of the input shocks, whereas the MA
process only has a short-term memory. ’

i) Pure random processes

The simplest stochastic process is one with no memory at all, with the
observations of x. (or x4 ) obtained at discrete points over time or distance
being mutually uncorrelated, independent values. This type of series is
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often referred to as 'white noise'. Formally, this is defined as
X =8 {3.1)

using the approach adopted in Figures 5 and 6; the observed output time
series simply being an untransformed representation of the random input
series. A stationary, random series of this type will display no correlation
between successive values, since the autocovariance, defined by equation 2.3,
will be theoretically zero for all lags other than a lag of zero. wWhere

the lag is zero, the series is being paired directly with itself (x, with

X:, x2 with x, and so on) so that the covariance expression (equation 2.3)
reduces to the familiar variance expression (equation 2.2), since k = 0,

and the autocorrelation, which is simply the covariance divided by the
variance, is 1. So for a random series, the autocorrelation r, is 1 for

k = 0, and 0 for all other Tags. Further discussion of autocorrelation
coefficients is deferred to the next section.

Although the random process may seem trivial, it is important in that
the objective of series analysis is essentially to identify all those
components of the series that are non-random, and successively remove these
by subtraction from the original data, until the final residual series can
no longer be 'explained' because of its pure random nature. This final
series can only be described by its mean (usually zero) and variance, so
that it represents the distribution of random input values e..

ii) Autoregressive processes

An autogressive process is, as the name implies, a model which is
similar to a conventional simple or multiple Tinear regression except in
that the variable x. is regressed on previous values of itself, hence
autoregression. Where the x . are deviations from a mean, a general
representation of an AR process is

X = iy xt_]+ ..... + ¢pxt_p + e, (3.2
so that the value at t is a finite linear aggregate of previous values of
the series pius the random nput at that time. The extent of this aggregate
is defined by the order of the process, p, beyond which lag further
coefficients are zero. In fact, the total number of parameters required to
characterise the process is p + 2, because the variance of the random error
term (o) and the mean of the series are required as well as the
coefficients. If the x, series are regression residuals, the regression
parameters {trend and cycle compenents} are additional parameters which
replace the mean; and if the x, are formed by differencing, the degree of
differencing is required before the series can be recreated,

The two main AR processes are the first and second order ones. The
first order (Markov) process is
= ¥+ 3.3
Xy ¢1 L {3.3)
If ¢, is positive, a realisation of such a precess will be re]atjve1y
smooth, but if it is negative, successive values of the series will tend to

be of opposite sign. For the process to be stationary, the value of ¢, must
be 1imited; if ¢, is greater than 1, for example, X, will tend to depart
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from zero by more tham x¢-1, and the series will cumulate away from zero and
hence become non-stationary. The random inputs {the e .} will not be able
to prevent this in the Tong term. Only if

w1 (3.4)

will the process be stationary, becauss the fractional coefficient will
cause convergence towards zero. In fact, the value of ¢, is equal to the
lag one serial correlation coefficient (see below). The closer g1 is to
-1 or +1 respectively, the more 'jagged' or 'smooth' the series will be,
because the successive dependency on tae previous value suppresses the
influence of the random component more completely.

The second order {Yule) process is

e (3.5)

L ¢ + 4 X
d.‘2':—}‘

t t—
Realisations of such a process again depend on the values and signs of the
coefficients. For stationarity, Timitations must be placed on the
combinations of values; for instance, if 41 = 1.5 and ¢, = 1.0, two
successive positive values in the series would be cumulated in a weighted
sum to give the next value, which would tend to deviate more markedly from
zero than either of the initial two values. For the process to be
stationary it can be shown that &, and 4, must satisfy

T

P TR (3.6)
1o by €]

If both parameters are pesitive, but satisfy the inequalities of 3.6, the
series will be smoother than an AR{1} process because cumulating the effects
of two previous positive values of x will demand a larger input random
‘shock' to 'throw' the series across to negative values. If &) is positive,
and +, negative, and particularly if

17 4 s <0 (3.7)
1 2

the realisation of the process will be pseudo-oscillatory (i.e. a randomly
varying cycte}. This can be illustrated using the process x; = 1.0 x4,

- 0.5 x.__ . and initially assuming the error term e, to be zero. If

this seriés is started with the values %, = x» = 1.0, then successive values
are {from x; to x¢); 0.50, 0.00, -0.25, -0.2%, -0.13, 0.00, 0.06. 1In the
absence of the 8, » the series oscillates ahout zero and disappears; however,
the added random error terms prevent the series from dying away to zero, but
do not obscure the 'cyclic' element completely. This behaviour is only
apparent if inequality (3.7) is satisfied; in the above example it is,
because ¥.%= 1.0 and 4, = -2.0,

ii1) Moving average processes

Moving averages sensu stricte are commonty employed to smooth an
irregular series of data; here, the moving average i$ a Iinear smoothing
tilter. For example, a moving average is usually symmetrical and centred
on the value whose Tocal mean is being estimated, as im xg = (xt_ PRt

x4 % +x  3/5.
1 t+1 t+2
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. In this example, each value in the range over which the local mean is
estimated is equally weighted {the weight being ! ) and the weights sum to 1.
3

The moving average stochastic process is similarly a transformation of
one series into another, but the 'filter' involved is neither symmetrical
and centred, nor do the weights sum to 1. A general representation of an
MA process of order q is

Xg=e t0e 4 Beg, t et 8 8oq (3.8)
and again there are q + 2 parameters to be estimated from the observed series
of data. This is clearly not a moving average in the sense defined above,
but the term is now well established in relation to this type of stochastic
process. The first and second order models are the most useful, and are
respectively

X, = e + Bl et_1 {3.9}
and

X Tl 0 e o« 0, {3.10)
The series xy may be considered as a finite linear aggregate oi present and
past random shocks. Since there is no carry-over between successive values
of the output series, a moving average process is stationary for any va .es
of its parameters. However, limits are placed on the range of values taken
by the parameters by the invertibility condition.

The invertibility condition is imposed to ensure that, when a model
has_been identified, 7ts equation can be transposed in arder to recover the
series of ‘shocks' {the e, series) from the x, values. Considering an MA (1)
E;ocess {equation 3.9}, we can write the e series in terms of the x series

us

1
b4
I
[as]
m

e, = X, - efi-;. and €, t-) Et-s {etc. ).
By successive substitution of progressively lagged expressions we obtain

e =X - 81 {xt_] -61 (xt_2 -elet_g))

which, when continued to infinity, yields

_ _ 2 e
e, = X, elxt_I + 81 X 8 ox ... 3.1D

Only if the parameter ©, lies between +1 and -1 does this form a convergent
series, permitting estimation of the e, series by a finite weighted sum of
the observed x,'s. It is cften necessary to recover the g, series in this
way in order to estimate model parameters by examining the sum o: squares
of the ey series for different parameter values ({see Chapter V). Egquation
(3.11) can also be written

= -2 + gt -
Xe =8 X, 81 Koy PO XL, m e ey {3.12)

which shows that the finite MA process can be transposed into an infinite
AR model. Again, it is obvious from (3.12) that this cannot be a realistic
weighted sum if 8, > 1, because the weight increases with the lag. Thus,
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in (3.11), and in the MA(1) model of (3.9), we require that
=1« By 2T,

The series in (3.12) is said to be invertible if o1 obeys the inequality of
(3.13).

For a second order MA model to be invertible, the parameters, must obey
Jn+35, 21
=y <1 {3.14)
1«3, 1
The dualism between AR and MA models is now clear. A finite AR model has

been shown to be equivalent to an infinite MA model, and vice versa, by
successive substitution. An AR model 1is automatically invertible, but

Timits are placed on the parameter values to ensure stationarity; these limits

are the inequalities of (3.4) and (3.6) for first and second order models.
An MA model is automatically stationary, but to be invertible requires
Timits to the parameter values as given by inequalities (3.13) and (3.14)
for the first order and second order cases. Comparison of these constraints
reveals that the stationarity conditions for an AR model are equivalent to
the invertibility conditions for an MA model of the same order.

iv) Mixed autoregressive - moving average models

A fundamental objective in the modelling of series of data by
stochastic processes is to identify the process which is parsimonious in
its representation of the data; that is, which fits the data well with as
few parameters as possible. Sometimes it may be found that a mixture of
AR and MA components in the model provides a more parsimonious model than,
say, an AR model on its own. Since a finite MA model is equivalent to an
infinite AR model, for example, a data series which is generated by an MA
process could not be parsimoniously represented by an AR model. This may
mean that, in practice, we require mixed (ARMA) models such as the model

= 4 & a
xt ’xxt—1 + rth_z + ...+ ¢pxt_p + et + Ulet_1 + ,2et_2 + ...+ eqet_q
{3.15}
which is an ARMA model of order p,q. The ARMA {1,1) model is most common;
ETRP I
Xy =% xt_] te + e, {3.16}

which is stationary if-1 <¢ < 1 and invertible if -1 < & < 1.
H 1

IV MODEL IDENTIFTICATION

(i) Serial correlation

wWhen a series of data has been rendered stationary, the first require-
ment is that the underlying generating stochastic process is identified.
Each of the models introduced in the previous chapter has a characteristic
correlogram, or autocorrelation function, so the method of identification
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involves estimation of the sample autocorrelation function (acf) from the
data series, and its comparison with the theoretical acf's for the various
possible models. The correlogram is simply a plot of the serial correlation
against the lag.

Serial correlations are calculated from
C

. 2% X _ Autocovariance at lag k = L (4.1}

. C
3 X2 Yariance o
t

"k

where C, and Cy are given by equations (2.2} and (2.3). Equation 4.1 yields
a sample estimate of the population autocorrelation coefficient, o

there may be underestimation of autocorreltation at large lags because the
autocovariance of eguation (2.3} uses the divisor N.

A
&2 a2
o1 - wt o %
- N <o
5 0+ 5 0-
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Figure 7, Scatter diagram showing ]
{A) bed elevation residuals Hd+1 and Hd+s plotted against Hj and
(B) residuals from the streamflow annual cycle, Qt+1 and Qt+5
against Qt.

Figure 7 illustrates some examples of scatter diagrams_of the data listed

in Table 2, with the appropriate autocorrelation coefficients. For both the
bed elevation residuals and the streamflow residuals there is clearly
dependency between successive values in the series. However, after a lag of
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6 in the streamflow series, little correlation remains, whereas the
direction of correlation has reversed in the bed elevation series.

(ii) significance testing

In conventional correiation analysis, the significance of the coefficient

is tested before conclusions are drawn about the relationship between two
variables. Similarly, it is useful te have a test of significance for the
autocorrelation coefficient, because although the general shape of the
correlogram is important in the identification procedure, it is often the
case that the theoretical correlogram cuts off after a certain lag, so that
it is useful to be able to test that correlations beyond that lag are
effectively zero. The usual approach is to assume the null hypothesis that
the series is a random, uncorrelated series, and calculate the standard
error. It can be shown that for a series of N random observations from the
same distribution, the expected mean autocorrelation ri = -1/N, and the ry
are normally distributed with an expected variance which is approximately
T/M.  The 95% confidence limits are therefore -1/N+1.96A/N. For moderate
sample sizes of N>60, the mean ry is usuaily taken as zero and the
confidence 1imits taken as 2/+R.” Correlations which Tie outside these
Timits are taken to be significantly different from zero, although it is
important to note that if 20 lags are employed in the correlogram

{assuming N = 80 at least), we would expect one apparently significant
correlation even for a random series. In interpreting the correlogram,
therefore, we need to consider the size and Tag of a significant coefficient,
particularly in relation to possible physical explanations. Testing the
autocorrelation coefficients is s1ightly more compTex than the foregoing
explanation implies. We begin by assuming that a random process underlies
the series, and test the lag one correlation using the standard error as
defined above. If r, is significant, the series is not a random one, so it
would be unrealistic to test r; using the same null hypothesis, because in
fact r; will be unlikely to be zere if ry is significant. For example, if
the underlying process is AR{1), successive vaiues of the series are

correlated; ¥ x. is correlated to X, » and X, to Xipy * then some
correlation is to be expected betweer® x. and x *%, This2 r, must be tested
using t T2
1
SE ) g [1+2nh]? (4.2)
and, in more general terms, if ry, ..., r, have been accepted as significant,
each successive serial correlation is tes%ed by
" 2 2 2 1
S.E. (rk) = = [T +2({ry tr; + ...+ rq )] 2, for k>g (4.3)

N

Thus to test the significance of rs, the standard error incorporates the
vatues of r. for k =1 to g, where q, in this case is 5.

(iii) The partial autocorrelation function

A second guide to the nature of the underlying generating process is the
partial autocorrelation function (pacf). Partial autocorrelations are
complete analogues of partial correlations in conventional multiple
regression. If we compare a three-variable multiple regression
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¥ =a +b ¥ + b ¥ +e
1 1.21 12,3 2 13,2 3

and a second order AR process

)(t = ¢21 xt_l + ¢22 xt_2 + et,
where 4, signifies the jth coefficient in a p-crder AR process, the
coeffic1gnts are of eguivalent meaning. For examp1e3 b,;.z is the partial
regression coefficient which measures the relationship between X, and X,
with X, controlled. Similarly, $.. is the coefficient which measures the
relationship of x, to x.., after the relationship of x to x4_, has been
accounted for. In fact, it is a direct measure of the excess cqrre]at1on
between x, and x;_, nret accounted for by ¢, the coefficient in the lower
arder AR(f) process. The pacf is simply a p1o§ of the values of ¢,

against the order of the process, p, that is, it is the set_of 1as_
coefficients in AR processes of ascending order. The pacf is an aid to
identification because if the generating process is AR(p), the value of

by for k = p + 1 will be zero, because there is no residual excess
correlation to be accounted for by this next higher order process. In order
to test the values of ¢y for significance, we can use the fact that if we
hypothesise that a process is of order p, the partial autogorrg1at1ons of
order p + 1 and higher are approximately random normally distriputed variables

with standard error

S.E. (4,) \,L_

(4"4}

for k > p+ 1.

(iv) Theoretical acfs and pacfs for various processes

For most of the processes described in the previous chapter, it is
possible to derive the theoretical acf and pacf after some algebraic manipu-
Tation. In the following section, some indication of the approach used to
produce the theoretical functions is given, but the reader is referred to
a text such as Box and Jenkins (1970) or chatfield (1975) for further
elaboration. The main objective is to illustrate the acf and pacf forms
required for comparison with observed functions in practical investigations.
Table 3 provides a summary of the necessary information.

The pure randem process {(white noise) has a gimp1e acf. Bybdefinition
there is no correlation between successive terms 1n a random series. The
covariance, v, is zero for all lags k, and the acf is

By 1 for k=0 (4.5)

0 for k # 0

P

where the py are bopulation autocorre1atioqs._ Sample autocoyrelatioqs_rk

may not be %ero, but are expected to lie within the 35% confidence Timits,
as defined above. Obviously o, 75 1, because even a random ser1es_y1e1ds a
correlation coefficient of unity if it is correlated with jtself with zero

lag.
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: SUMMARY OF PROPERTIES OF AR, MA, ARMA (1,1} MODELS

TABLE 3
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a) Autoregressive process

Derivation of theoretical exprassions for the acfs of aytoregressive
processes is relatively straightforward, and involves generating a set of
fundamental equations - the Yule-Walker equations - which are also used to
provide estimates of the parameters .of the AR model. Conseguently, the
algebra is outlined briefly here, If we begin by considering an AR process
of order p;

X, = ¢ X + ¢ X + ...+ e
P I L $

p Ye-p %t
and we multiply throughout by Xy g we obtain

R ¢{xt—{xt-k + ¢2xt_éxt_k + ot ¢pxt_pxt_k X B {4.6)
The expected values of the terms n x in (4.6) are autocovariances; that of
XgXe_ 15 Yx» the autocovariance of the series x at lag k, and that of
Xy-zXt—k 15 Yg—2. The expectation of x,_ e, is Zerp, because there is no
covariance between the x series at a lag t >0 and the random e series.
Thus (4.6) establishes that - “

R

O Y, e (4.7)

Yy T ¢1Yk_1 * ¢PYk_p

o

and this may now be divided thraugh by-yn, the variance of series Xgy to give

{4.8)

o = ¢1Yk‘1 ¢, | |
Thus, we have a general difference equatfon which forms the basis for the
being the terms in the-acf for fags k= 0),
{see

+ ¢gxk-z + * ¢ Pp for k=0

evaluation of theoretical acfs {p _
and is the source &f the YuTe-Walker-estimation fpr vatues ‘of ¢1 .. ¢p
chapter v). a ) &

JESE
[T T UH

First order Autoregressive pro

B

ﬁucg;s,,g - -sp.eguatign

-] Coninis
.. Inlsnis p

(4.9}
.fs fhéﬁefore
pl ) ¢] . - . .
since o, 1s T."By successive substitution in equation (4.9, the whole acf
can be generated, p, =1, n :¢1,therefore p,= PP = n?- (;ubstw;yt1ng 0
fOT" ¢ in 4'g) ‘and pa = Dlpzz plo.lpl-?- pg = ¢i' Thus t;he a:!:‘F Of' an AR (1)

proceds-is - - :

ey -

5 o | ':-;'(_4;."'1 0)

which implies an exponential decrease of the acf with increasing lag, with
p, always positive if ¢, is positive, but switching sign from lag to lag
and starting with negative py if ¢, is negative. The exponential decay is
more rapid if ¢; (and hence, p1) is nearer zero. These acfs are .
illustrated in Figure BA. The pacf for a first order AR process has only
OnE non zero tevis, ¢p;, after whick 7t'¢lits off to zevo.
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Figure & {A) Thaoretical acf and pacf for AR(1) processes withl¢ll = 0.7 and

(B} Permitted values for ¢, and ¢, in AR(2} processes; inset are
thegretical acf and pacf for processes with |¢:f = 0.7 and
f¢,| = 0.2 {After Box and Jenkins, 1970, p.59).

Sucond grder Autoregregsive process

The order of process is now p = 2, 50 equation 4.8 becomes

e =0 P, YO P (4.11)

and again g, = 1. The successive terms o, ,ps ... Dy are in this case only
obtatned directly from the Yule-Walker eguations, which are produced from
4.8 by substituting k =1, 2, 3 ... in this equation, The first two Yule-
Walker equations for p = 2 are (note that p, = -p;}

R P

= iyt

from which
2

oA {1 - gz}, for example.
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The precise form of the acf and pacf depends on the signs and values of o,
and ¢, . Figure 88 iTlustrates the triangular region (the 'parameter space')
within which possible combinations of ¢, and ¢; can occur for stationary
AR(2) processes. This is divided into four areas by ¢, = 0 (i.e, negative
and positive values of ¢;) and 4} + 49, = 0, which separates the regicn in
which the combination of ¢, and ¢, gives the process pseudo-cyclic behaviour.
In the two upper regions, exponential decay of the acf dominates, and the
pacf is therefore seen to be an important tool in distinguishing AR{1} from
AR{2) processes of this type, because in the latter case it cuts off after
ts5. In the lower two regions, the acf oscillates as a damped sine wave,
starting with p, negative if ¢; 15 negative.

(k) Moving average processes

A1l of the acfs for the AR process are seen to die away slowly to zero,
being either expenential or damped oscillations. This is to be expected in
that the generating process implies dependency on prior values of the
observed series x¢. For an MA process, there is no dependency on prior
values of x;, only on a finite sequence of prior random shocks e,
Intuitively, therefore, we would expect the acf of an MA process to cut off
after a lag equal to the order of the process (the extent of backward
dependency}. In general form, the derivation is more complex, so the
algebraic manipulation required is illustrated with reference to the MA{1}
process only.

First prder Moving Averago process

In the MA(1) process, x; = e, + ®ie,_, . The expected variance of the
Xy series is y, (i.e. avtocovariance at zero lag), which simply requires the
squares of the x; values, since the process has zero mean. Expected values
are denoted by E{ }, thus

v, = E(x. %)
= E[(Et + B;et_l)z]

- 2
E[et + 26,e e

+ 0,%° }
tot-1 T Sy

Since et and e, _, are uncorrelated, the expectation of their product is zero;
furthermore ei and ei_, are hoth the expected variance of the zero mean e
process. Thus

t
v, = {1 +98f Jo? (4.12)
=]

By similar reascning,avtocovariances at Tags k > O can be defined. For
k=1

T, =
e Exexg )
=E [(et + elet_lj(et_l + 91et-;)]
< 2 o2 ]
E [ ey, T Be,, Blet 1oy T Bl e,
2
- 8,00 {(4.13)
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The tast statement follows because etgt 12818t-> and ey je¢_p .are all
expected to' be 28Ty, Fﬁna11y,u F ke 2 and any other 3nteger >1{1 e,
the orde _of'the mude1) .

E(x X

ttz)-

£ et _619;;;_1 (e&eei]

:”.

=0 B -
Thus the acf for an MA(1) process is ¥, /Y which s -
e/(1+6},fork=1 -
P e B
o »forkx2z (e

Given. the parameter-space for. 81, so]ut1on nf the expression for pl is-
possible :because. although. a given valug of piis associated with twe'
alternative values of @ there being .two roots 1o the quadratic equat10n
pr = B /{1 +88)y oaly ‘g of these values of ‘§f s acceptable gor gn v T
1nvert1b1e process. By substitutifig vValues ‘ofil) oo + “Taard>-T in equatian
4.14), it will be seen that py must lie between +0.5 arid <0.5. Figure gA
shows acf and pacf.for two MA{17Y modeTs, with positive and negative
coefficients. The-ae¥cutd off after: 1ag ond; the pact decays’ ‘eXponér
The pacf for an MA process can be calculated by substituting thé& valdes &f*
g ¥ =1, ... L, in the general eguation of (4. 8) for processes of 1ncreas1ng
order p. Note the dualism between Figure B, aihd Figure 84, . )

P T LT R R PR A

Sece‘nd Order M(bﬂ'ingr AVFI‘RQE_PI‘OC'E"SS'

Us1ng the same” approath ay’ that u5ed abovel Gt T3, fcund that th
variance {y,) of an MA(2) process is y, = { 1 + 8% +'&) ) w2y dnd {he &

= ? 2
po= 8 {1+ 92) 01+ 97 + 0’ )_

o =8/ {1 +ef+a2) .. ’ o
v PR (4.15)
D for k 3

show1ng a. cut of f after- Tag two. Figure 98 shows . the invertibility region -
for the 8coefficients, and the acf and pacf shapes for the four possible -
MA(2} processes. Again, where an AR{p) process has an infinite acf and
finite pacf, and MA(q) process {q = p} has a finite acf and infinite pacf.

Figure 9. {A] Theoretical acf -and:pacf for MA{1) processes with|¢,} = 0.7 and
. B) Permitted values for &, and 6; En ME(Z ) processes; %nset are:
theoretical acf and pacf forms. Note the d1rect10n of the axes.
{After Box and Jenkins, 1970, p.73). : .

Figure 10. Theoretical acf and pdcf forms for mixed ﬁRMA (1,1} models with
various parameter combinations {¢. and -63). After Box and
Jenkins, (1970, p. 78}.
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(C) First order mixed model

’ TABLE 4 : SAMPLE ACF AND PACF FOR EMPIRICAL EXAMPLES, WITH STANDARD ERRORS.
Fer the ARMA(1,1) process, the acf can be derived by using the principles
outlined above for the MA({1} process. It is found that in this case the

value of p; depends on &; and ¢; in the model (defined in equation 3.18),
but that p, = ¢.1p;,.and o, for k 32 exhibits exponential decay. The acf Bed-profile Residuals Streamflow Residuals
decay; exponentially from the starting value p,, smoothly if ¢, is positive,
but with alternating sign if ¢, is negative. Figure 10 illustrates the range
of combinations of acf and pacf for ARMA (1,1) processes, depending on the Terms in Standard Terms in Terms in Standard Terms in
parameter values and signs. acf error pacf acf error pacf
(v) Empirical examples 0.70 0.14 0.70 0.68 0.12 0.68
Figure 11 illustrates the correlograms (acf's) and pacf's for the two 0.32 0.19 -0.33 0.43 0.16 -0.08
data series introduced in Chapter 2. Autocorrelations were calculated using _
equation (4.1), and the approximate 95% confidence intervals on the acfs 0.03 0.20 0.04 0.29 0.18 0.04
were obtained from twige the §tandard error of equation (4.3). For example, -0.22 0.20 -0.12 0.22 0.18 0.03
$?e standard error against which r. is tested in the bed profile correlogram -0.38 0.21 -0.08 0.17 0.19 0.01
3 -0.43 0.22 -0.06 0.15 0.19 0.04
S.E. = 1745, [‘ + 2 (0.703% + 9-3232}] -0.42 0.23 -0.07 0.15 0.19 0.03
=0.202 -0.37 0.25 -0.07 0.11 0.19 -0.03
-0.29 0.26 -0.04 0.03 0.19 -0.04
4 & -0.12 0.26 0.01 -0.02 0.19 -0.03
\ ous’ 0.08 0.26 0.06 -0.07 0.19 -0.04
B AR EE T P E L b o R 0.21 0.26 0.02 -0.13 0.19 -0.06
vl [ R
N - . 0.24 0.27 -0.18 0.20 -0.05
_ i -0.23 0.20 -0.07
v -0.25 0.20 -0.04
SE = 0.14 -0.20 0.21 0.01
Figure 11. observed correlograms (acf's) and pacf's for 020 0.21 -0.04
(A) the bed profile residual series and -0.20 0.21
(B) the streamflow residual series.
SE = 0.12

Table 4 Tists all terms in the acfs and pacfs, with their standard errors.

The terms in the pacf were calculated by substituting the sample autocorrela- significantly so) after a lag of 13. The probable explanation for this

tions r. in the recurgive formulae of equation (5.7), which are egp]ained in behaviour is provided by Figure 4; the residuals from the annual cycle

the next chapter. Their standard errors were obtained from equation (4.4). suggest a six month 'cycle’ which is often found in addition to the annual
. . . . cycle in meteorological and hydrological data (Craddock, 1956). This occurs

('ust;hiibﬁgfgzggl1Sa?SZaOET?b1?ség)F?rzi:chSn 2iﬁ;11§f;qu€§fo¥;t2fier because the annual cycle is not a symmetrical sinusoidal variation, and

tJ 4 .%. tt The ¢ Te' i %h dat . 1'pd by th 11ati higher frequency harmonics remain in the series of residuals.A K = 2 (six

go s1gn1f1gan erms. The ‘cycle’ 1n the data 1mp ied by theé oscillation month wavelength) harmonic was not significant, so was not subtracted;

° F2$1ac 1? over appro¥1maif1y 13 1agsh(26m) which agrees_w1th rough]g nevertheless, this oscillation remains strong enough to influence the acf

4 i e—goo fseqsence; ;n t e_lOGnL{eac (Figure i?' Eﬁﬁm1nat10n or the of the residual series by creating slight non-stationarity. However, the

summary of acf and pacf forms in Table 3 suggests that this series is pacf cuts off after ¢,, S0 a tentative initial identification of an AR(1)

generated by an AR(2) process. The streamflow data present difficulties in mode] seems appropriate

that the acf shows a broadly exponential decay, but rather than trending
to zero, the autocorrelations become increasingly negative (but not
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V _MODEL ESTIMATION

The iterative method of model building (Box and Jenkins, 1970, p. 18-19)
demands that the parameters of the identified model are estimated and the
model is checked for adequacy of fit to the data before it is used further,
for example in forecasting. Initial identification is achieved by comparison
of the sample correlogram and pacf with the theoretical ones defined in the
previous chapter. These theoretical acf and pacf are derived by assuming
the underlying model, and obtaining expressions for the variance and auto-
covariance function of series generated by this model; the procedure for AR
models is illustrated in equations (4.6) and (4.8), for MA models in (4.12)
and (4.13). Converselv. it is possible to express the o, parameters of an.

AR model or the & parameters of a MA model in terms of the population
autocorrelations p,. The simplest example is the AR{1) process, for which
it has been shown that ¢, = p;. By substituting the sample autocorrelation
estimates v, in these expressions, estimates can be obtained for the model
parameters; for an AR{1) process, , = r;, This simple substitution yields
satisfactory parameter estimates for AR processes; however, the estimates
obtained in this way for MA processes are statistically inefficient and
are usually only employed as initial approximations.

(i) Autoregressive Estimation

Since an autoregressive process is simply a regression of values of a
series on previous values, it is not surprising to find that least-squares
regression methods provide convenient parameter estimates. The parallelism
between conventional regression and autorearession is easily demanstrated .
For a fjrst arder AR model, the parameter ¢,, is eguivalent to the
regression coefficient by, in a simple bivariate regression;

Simple regression Autoregression
X1 = a1.0 + bsX; + e = +
1 1.2 rehAg xt ¢11xt_l et

In the simple regression, biz = r;;(51/52), being the product of the
correlation coefficient between X, and X; and the ratio of their standard
deviations. For the auteregressive case, given large N, the standard
deviations of x_ and x _,_ are equivalent, and the correlation is the lag
one autocorrelation p1. Thus

and the.estimate of ¢;; is obtained by using ri as the estimate for p;. A
second order autoregression is equivalent to a three variable multiple
regression of the form X1 = a; .3 + bys 53Xy + byy.2X5 + e, Here, the partial
regression coefficient bis, 5 may be written in terms of the partial
correlation coefficient, thus:

51.a
byz.3 = (rlz.al 3;—;

34

where r 2.3 is the correlation of ¥; with X: with X; controlled, and 5.,
is a first order standard deviation (that is, the standard error of
regression of X, on X;). This can be expressed (Yeomans, 1968, 201-9,
226-9) thus;

1o = Pra P 23 S1.a

\h'r‘j \h - r? Sz.z
13 23

S14f 2
P12 = iz Faa "NT -l

1 - rlz\jl - }"22 s AT - r'z?z'

b

i2.1

In the AR(2} process x = daiX | FdaX  * e, the parameter #;, is
equivalent to biz_s. However correlations such as riz and rz; are in this
case lag one autocorrelations, and rp; is 3 lag two autocorrelation. The

variances of Xpo Xy_y» Xg_, BrE equivalent, so 51 =5; = 5., Thus

o1 Bapy V-t
a1 = -
VI -02 N1 -p63 A1 -63

pr {1 - pe)
1~ p} (5.1}

and, using similar reasoning,

frz = B
bog = ———— (5.2)
1 -0}

fstimates of 4,4 and &,, are thus obtained by substituting the values of r;
and rp for p; and p;  in these eguations (5.7 and 5.2).

These estimates are in fact equivalent to the Yule-walker estimates
obtained from equation (4.8), and have been introduced here simply to
emphasize the close relationship between conventional regression and auto-
regression. In practice the Yule-wWalker equations may not yield parameter
estimates equivalent to least squares estimates because in finite series
the assumption that the standard deviations of x,_ and Xy (etc) are
equal is not strictly true because of end effects. However, the Yule-
Walker eguations provide a convenient means of estimating parameters of
successively higher order AR models. Equation (4,8} is an expression for
the acf of a general AR process of order p;

B = $10y_y F G2Py, w0 o for kv 0. (4.8)
If values of k =1, 2, ..., p are substituted in this equation, the full set
35




of Yule-Walker equations is obtained:

= + -
P ¢1 ¢201 + + ¢ppp-1

P= o + oo+
) p b ¢|ppp_

2 11 s 2
p = by * PPy * et *p {5.3)
For an AR{1) process, p = T and the set reduces to

For an AR{2) process, p

2 and it reduces to

= 4+
pl ¢l ¢ZDI

o= dp + ¢ {5.4)

2 11 4

which, when solved for &, and ¢,, give equations (5.1) and {5.2). From the
first of the simultaneous equations in {5.4), 41 = p1 - dop1, which when
substituted in the second gives

P ople mee) b e

2

= 02 -90% +4

1 21 2
2 2
0 =-a° = - {1 -
.70 % e, - ed)
e ~p%= g
Z 1 2
1 -pt
1

At this point, it would seem appropriate to consider the two empirical
examples. The bed profile data have been identified as a series generated
by an AR(2) process. The parameters are therefore estimated using equations
{5.1) and (5.2}, substituting the sampie autocorrelations given in Table 4
for the values of PP, Thus

70 (1 - 0.
o <0700 -0.32)

= 0,933

and i
4 _ 0.32 - gO.?O}Z

22 1 - {0.70)2
-0.333

which, allowing for rounding of values in the table, agrees with ¢z, in the
Yisted pacf values. The fitted model, with d subscripts to denote a
distance series, is therefore

36

- - 5.5)
hy=0.93h, -0.33h,  +e, {5.5

which is within the region of Figure 9B in which the AR({Z) process exhibits
pseudo-ascillatory behaviour, The streamflow data were identified as having
been generated by an AR{1} process, which therefore takes the form

a, = 0.68 Gy t 8 (5.8}
For higher order processes, values of p>2 are substituted in the )

Yule-Walker equations of (5.3) and the resulting set of simultaneocus equations

is solved. In fact, a pair of recursive formulae (Durbin, 1960} may be used

because they are easily adapted to hand and computer calculation. Tﬁgy

tend to be susceptible to rounding errors, however. The equations, which are

derived from (5.3) are
j=1,2, ....p {5.74)

[ [ud .
¢P*1; J Pl ¢D+1, P+1 P, B *+1.

These may seem complex, but their use can be i]1ustratgd for the bed-
profile data. For an AR(1} process, p = 1, and these equations permit
astimation of the parameters of the rext higher order model., Equation
{5.7b} becomes

) ro- [¢llr1] 0.2 - [0.70.0.?q

KA [ro0r ] 1 - [0.70.0.70)

which is in fact equivalent to {5.2) because ¢.; = ry, and gives .. --0.333
Again, for p = 1, Equation {5.7a} becomes

= & - ¢ ¢ =0.70 - (~0.333}{0.70) = 0.933
21 11 22 11

Now, the recursive method sets p = 2 and calculates parameters of thernext
higher order AR{3) process as follows. First gs; is abtained from (5.7b);

Yy - [-'3‘21?‘2 + ¢72f‘:] _0.03 - [{0-933 x 0.32) + (-0.333 « D.?O)] = -0.078
A = -
Yar g - [o21r1 + S2272 ) 1 - [{0.933 x 0.70) + (-0.333 x 0.32}]

i ' i i this value
Rounding errors have produced a considerable discrepancy between t
and tha% tabulated in Table 4 under the pacf listing. However, since the
purpose here is simply to illustrate the method of calcuTation, this value

of da1a i5 used in egquation (5.7a}, which is
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for j =1, ¢a1 = dsr - Ganhg = 0,933 - {(-0.078)(-0.333)) = 0.907
for § =2, ¢32 = ¢oy ~¢aapay =0.333 - {0,078 x 0.933) = -0.260

The third order model would therefore be

h, = 0.907 h -
4 gy 0-260 0, 0078, +e,

although since ¢33 is non-significant in the pacf, this is not a parsimonious
model and would not be fitted in preference to the second order model of
equation {5.5). The extra explanation of h, achieved by adding the third
term is non-significant, and the relation of hg to hg.y 15 not worth incor-
porating in the equation, just as an independent varjable with a non-signifi-
cant partial correlation is not worth incorporating in a multiple regression.

{i1) Moving Average Estimation

In alt problems of parameter estimation n statistics, it is necessary
to specify the criterion to be employed. For example, in simple regression
of the form X; = a; 2 + by2X; + &, the usual criterion is that the values
of a1 ,: and by2 are selected in order to minimise the sum of squares of the
residuals, 'e'. This is the conventional least squares criterion. Even
this can be modified, and a; , set to an initial value (usually zero) so that,
within this constraint, by, alone is chosen to minimise the sum of squares
Ie’ (BrownTee, 1965, p.298}. An alternative criterion is used in estimating
the parameters of the reduced major axis regression (Til1l, 1974, p.99-103),
which minimises the sum of the areas of right angled triangles formed
between the regression Tine (as hypotenuse) and each point. In some cases
maximum Tikelihood estimates are preferred, but if the error terms (e) are
normally distributed these are equivalent to least squares estimates.

Estimation of autoregressive parameters is relatively straightforward
for series of N> 50 observations, because the discrepancy between Yule-walker
estimates and least squares estimates which results from end effects is
usually small. The theoretical equivalence between Yule-walker and Teast
squares estimators has been shown above. However, the equivalent equations
for MA processes, which define the parameters in terms of autocorrelations,
provide very inefficient estimates (with a high variance). They can only
be used, therefore, to obtain an initial approximation. For example,
equation (4.14) shows that, for an MA(1l) process,

- 2
P = BI/( T+ 81).

This can be rearranged to give a quadratic in the unknown, B., if r; is
substituted for p
1.
8* - — 8 +1=0.
i r 13 0

Using the conventional formula for the solution of quadratic equations, the
two roots of this equation are
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1 1
O B~ S
2

If, for example, rl is -0.3, the two roots are -0.33 and -3.0; one is the
reciprocal of the other, and the second, larger root is impossible for an
invertible MA(1) process. Thus a first approximation to the value of 01

is -0.33. For MA(2) processes the appropriate initial estimating equations
are given in (4.15).

Least squares estimates of the MA parameters are obtained by an
iterative process in which the above initial estimates may be used as start-
ing values, or initial approximations. If an MA(1) process has been identi-
fied, its parameter el is estimated by an iterative calculation of the sum
of squares of the e. series for different values of 0.; that which gives
the minimum sum of squares is then the required parameter value. The MA(1)
process is

x, =e +10,;¢€
t + LR

and the e values are simply cbtained from

Et = Kt - elet_l
starting with e, = 0, since the expected value of e is its mean of zere. This
need for an arbitrary initial value emphasises the importance of invertibility;
onlty if o, lies between +1 and -1 does the consequence of selecting an
unrealistic starting value diminish with increased distance from the eg -
However, in the present example

g8y = XAy
g, = X - B; ey etc.

Having identified the values of ep, ea, -‘-;.En for a given value of &,
the sum of squares of these residual values is calculated

N
{i.e. Z et’)-
t =1

From a plot of the sum of squares as a function of 0, the 'least squares’
parameter estimate is identifiable at the minimum of the function. If an
MA(2) process is identified, two parameters are to be estimated. Again,
values are chesen, the sum of squares of the 'e ' series calculated, and
these sums of squares plotted on a graph of 5; against 5. The least
squares estimates are cbtained by contouring this plot and Jocating the
minimum. This method is in fact completely general; it may be used for

AR processes as well, and is the method employed in estimation of parameters
in mixed ARMA models.

As an example of the approach, the minimum sum of squares is lpcated
for varying ¢, parameters in the AR({1} process fitted to the streamflow data
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of Table 2. The model in
e are obtained by ey = g
value), the values are obt

ey = 0.76 - (-0,

e = 0.71 - (-0.95)(0.76)

ey = -0.00 ‘('0.

this case 15 q; = ¢1 G¢~; + ey, so the values of

- qe. Assuming q, = 0 (again the expected
ained thus, starting with ¢, = =0.95:

95}(0) = 0.76
1.43

95((0.71)

t

0.67 (5.8)

For this se; qf values of ey , the sum of squares Eetz is calculated; this
is the conditienal sum of sguares, conditional on the starting value
9o = 0. The calculation is regeated for ¢, = -0.90, -0.85, ..., +0.90,

+0.95. The sums of squares
from which the least squar

Ze
t
es value of ¢; s seen to be about 0.68; this

agrees with the va!ue‘derived earlier from ry; as, indeed, it should since
both methods in this instance evaluate the same least squares estimate.
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Figure 12. conditional sum
data in Table 2.
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of squares function for the streamflow residual
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for each ¢; value are plotted in Figure 12,

VI MODEL CHECKING

Having identified the stochastic process which appears to generate an
empirical series, and estimated its parameters, it is necessary to undertake
some evaluation of the success of the fit of the model to the data. As in
conventional regression analysis, this process largely involves consideration
of the nature of the residuals from the model. Ferguson (1978, p.25), for
example, shows that, having fitted a Tinear regression to a bivariate scatter
plot, a plot of residuals against the independent variable X will show
whether a Tlinear relationship was appropriate by providing evidence of
either a pattern or a non-linear relationship between the residuals and X.
Some of the important checks have, however, already been discussed. In
particular the calculation of standard errors for the terms in the acf and
pacf is helpful in preventing 'overfitting'. An overfitted model is one
which is not parsimonious; it has an unnecessarily large number of parameters.
careful consideration of the pacf of an AR model will prevent overfitting
because of the sharp cut-off after the 'p'th significant term, and the similar
cut-off in the acf for MA processes prevents identification of excessively
complex models. Box and Jenkins (1970, p. 249) argue that careful adherence
to the identification - estimation - diagnostic checking sequence helps avoid
overfitting because, for series of moderate length, it is natural to
identify the simplest possible model commensurate with the appearance of the
acf and pacf. only when series of several thousand observations are being
analysed are the standard errors 1ikely to become small enough for more
complex models to be entertained. Two types of further check on model
adequacy are described below; the first is concerned with residual variance,
the second with patterns of correlation within the residual series.

Before outlining these it is appropriate to consider the method of
calculating residuals. If an AR(1) process is fitted to a data series,
the residuals are obtained simply by subtracting the fitted value from the
observation; since the model is

= X
xt 01 t— +et

the residuals are

= - X
e X, =4 X

t 1

The procedure is therefore exactly the same as that required to calculate

the et series in order to estimate model parameters by defining the
conditional sum of squares function. If we consider the streamflow data in
Table 2, the method of defining the first 3 and the last residuals from an
AR(1) process is illustrated by equation 5.8. Estimation of el in this

case was achieved by assuming g, to be zero; otherwise, it is necessary to
lose values at the beginning of the series, depending on the number of
parameters in the fitted model. IFf the model is, in general terms, ARMA
{p.q), then p + q values will be lost. For example, the bed profile model is

hg =093 hy -0.33h _  +e

Unless h, and h_, are assumed zero, the first residual e we can estimate is

e3, which is hy-0.93h, + 0.33 h; = -0,120 {since from Table 2, these values
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are hy = -0,107, hy = 40,019 and h, = +0.013). The last residual,esu, is
hsq*‘ 0.93 hsg + 0.33h52= =0.126 (h\sn = -0.2]8; hsa = 0.‘”6; h52= '0.049).
We should note that these are not true errors, but estimated ones, since the
parameters in the fitted model are themselves estimates of population values.

{i} Residual variance

_Where there is some doubt about the appropriate order of a model, a
deTiberate overfitting may be attempted in order to assess the progressive
reduction of unexplained variance as each new term is added. The
significance of the extra explained variance attributable to each new
parameter can be considered by the method used by Chayes (1970) to compare
trend surface models of successively higher order. This involves an analysis
of variance which apportiens the original sum of squares of the initial
series into the sum of squares explained by each successive term and the
remaining residual sum of squares. If the original sum of squares
C(E(X¢ - R)7) is S, the explained sum of squares due to the fitting of a

first ordgr AR process is RIS, and that due to the second order AR model is
RES: R is a simple correlation, and R:,Rs... are multiple correlation
coefficients. Thus the additfonal explanation achieved by adding the
second order term is (R} -R}} S, and the residual sum of squares at this
stage is (1 - R3) 5. To test the significance of the second order term, an
analysis of variance table is established (Table 5). '

TABLE 5 : ANALYSIS OF VARIANCE FOR COMPARISON OF AR MODELS

Source of Variation Sum of D. F. Mean Sguare Variance Ratio
Squares

Total variation S N-1 S5/N-1

First order mode! R3S 1 R S

Secend order mode? RZS 2 RE5/2

Improvement, AR(2) (RE-R3)S | 1. (R§-R1)S (RE-RT}{N-2-1)
over AR(T) (1-R3)

Residual after {1-R2)S N-2-1 f1-R%}S/H-2-1

fitting AR(2)

The variance ratio in the last column of Table 5 is the ratio of the mean
squares for the improvement and residual sources of variation; the actual
value of the sum of squares, designated S here, cancels and is therefore

not required. It is tested using F tables, with 1 and N-p-1 degrees of
freedom; if the variance ratio exceeds the tabulated value of F at p = 0.05,
the 'improvement' variance estimate is significantly greater than the
residual variance, and the AR(2) model can be considered an improvement over
the AR(1). This approach is described in relation to conventional regression
by Ferguson (1978, p.35).
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If AR models are being considered, the last coefficient {4 p) fitted
at each successively higher order is the partial correlation of x, with x._;,
p being the model order at each stage, assuming the x, values are stationary
and have constant variance. Thus ¢ - is effectively a coefficient of extra
determination {Ferguson, 1978, p.zz? for the p th grder model compared to
the {p - 1) th order medel. This makes it particularly easy to make compari-
sons between successively higher order AR models, and the method can be
iltustrated with reference to the bed-profile data; the pacf provides the
necessary information and is listed in Table 4. After fitting a zero order
AR model {i.e. no model at a]];, the explained sum of squares is '5'. The
coefficient of determination {R?) value for the AR({1) model is ¢3,, or ri,
which in this case is 0.494; thus the explained sum of squares due tc the
AR{1) model is (0.494} S, and the residual sum cf squares at this stage is
{1 - 0.494) S = {0.506) 5. Part of this residual variation is explained by
fitting an AR{2) process; the proportion is given by ¢3:. The explained sum
of squares due to the extra AR(2) term i3 therefore ¢i, multiplied by the
residual sum of squares left after fitting the AR{1} model, or (0.114)
{0.506) § = (0.058) 5. The total R? at this stage is therefore (0.494) S +
{G.058) § = (0.552) S, and the residual is (1 - 0.552) S = (0.448) 5. Thus,
the variance ratio required to test the significance of the 5., term, and
hence the improvement in explanation gained by moving from AR{1) to AR{2},is

Improvement 5.5. : Remaining residual S.S. = (0.058) § - {0.448) § -
d.f. T -7~

a7,
(0.058)(51) _ 5 69

If this is compared with the critical F - ratio at p = 0.05 with 1,51

degrees of freedom it is found to be significant., Adding the third order
term 33, we find an extra explained sum of squares of (-0.036)% (0.441) S
= (0.0006) S. Total third order explained variation is therefore {0.552) §
+ {0.0006) § = {0.5526) S, and residual variation is (0.4474) 5. Thus the
variance ratio test comparing explanation by the AR{3) modei with that for

the AR{2) model is
j0.00GGi%SU! = 0.07

which is clearly not significant at any relevant probability level.

The progressive reduction of unexplained variation which arises when
additional terms are incorporated in the model can be calculated in this
manner up to a high order, and the trend in the unexplained or residual sum
of squares plotted as a function of the number of parameters in the model.
In Figure 13 this plot is shown for the successive fitting of higher order
AR processes to the bedprofile data; after the second term, there is little
further reduction in residual sum of squares. Thus the evidence of the pacf,
the F- test described above, and this plot all represent equivalent tests
which lead to the conclusion that the AR(2) model is adequate. In practice,
it would not be necessary to perform all these tests, since they all measure
the same things.

A similar, simple technique for assessing progressive variance reduction
does not exist for either MA or mixed ARMA models. However, the estimation
of their model parameters demands computation of the residual sum of squares.
Thus if successively more complex models are fitted, with more parameters (and

fewer degrees of freedom),the necessary information on the progressive reduction
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Figure 13. progressive reduction in residual sum of squares after fitting

AR processes from first to twelfth order to the bed profile data.

of unexplained variation arises at each stage. The residual sum of squares
for an MA(q) model is the minimum conditional sum of squares which defines
the parameter estimate(s).

(ii) Patterns among the residuals

In conventional regression, significance tests based on the F and t
distributions demand normal, independent error terms (Poole and O'Farrell,
1971). Normality can be checked by examining the frequency distribution of
the errors (Figure 14).

ap -

w
o
1

Figure 14. Histogram of residuals
from the AR(1) process fitted to the
streamflow series. The Kolmogorov-
Smirnov test suggests that this

Frequency
LY
[+]
i

"o K . . . .
1—1 distribution does not differ
. R significantly from normality at
a7 -028 025 078 p =0.25.

Fingl resiguals fram &R (1) moder
fiited to sirsomllow series

However, care is necessary in applying the above F - test, since the
assumption of independence may not apply to the set of residuals from
the lower order model if this model is an inadequate fit to the original
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series. Thus at each stage in the analysis one of the most important check-
ing routines involves examination of the series Of residuals from the fitted
model for evidence of any remaining serial correlation. Technically, this is
quite straightforward; the residuals are calculated as outlined above, and
the correlogram (acf) for the resulting series of residual values 1S
estimated. If the fitted model is the true underlying generating process,
the residuals should behave as white noise, showing no autocorrelation at
any lag (except that 1 in 20 autocorrelations may be expected to appear
significant at p = 0.05). In Figure 15A, the acf of the series of residuals
from the AR(1) process fitted to the streamflow data is plotted. None of
the terms approach significance, the residual series may be regarded as
random, and the AR(1) model accepted as a reasonable generating process.

A B
19 1
I'k i
P +2SE :f """"""" t2sE
!
Ll .
oftrtlprerrkotleprrprthin
R TP 25E e
------ 2sE
-1- -1

Figure 15. Correlograms of series of residuals from the AR(1) process

fitted to
(A) the streamflow data and

(B) the bed profile data whose true generating process is an
AR(2) model.

Thus no further terms are required in the model, and all we reguire is an
estimate of the residual variance o2, which in this case is 0.0623 if

the residuals are estimated uncondi%iona]]y, starting at the second vaTue
of the original series, and 0.0597 if 73 residuals are estimated )
conditionally from an assumed starting value at q,. With this information
it is now possible to generate a streamflow series; normally distributed
random deviates with a mean of zerc and the estimated residual variance are
drawn to represent the e, values, and after an initial value of g, the
sequence is created using q, = 0.689,_1 + ey. In this case these are
deviations from an annual cycle, so a series of 73 pentad streamflow values
is modeTled by adding these g, values to the harmonic oscillation
originally subtracted from the pentad streamflow values of Table 2, i.e.

) ) 2:t 2t
Qt = 1.458 - 0.009 cos et 0.954 sin g

In Figure 15B, the acf of the residuals from an AR{1) model fitted to
the hed profile series is piotted. The parameter of the model, 9,; = r, =
0.7. An AR{Z) process is the appropriate generating process in this case,
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and the acf in the diagram shows that the AR(1) model is inappropriate. It
retains an element of cyclic variation, and r, is clearly significant.
Residuals from an AR(1) process are therefore not random, uncorrelated
variates, and the higher order process must be entertained.

The standard errors plotted in Figure 15 are calculated using eguation
{4.3). However, these estimates of the standard error may be excessively
large for the autocorrelations at low lags. If we fit the correct model,
with true population parameters, the autocorrelations ry for the residual
series would be uncorrelated, and would be distributed approximately
normally about zero with standard error 1/¥N.- However, we do not know the
true parameter values and so we have to use estimates, which have confidence
Timits within which we hope the population parameter falls. The residual
series we obtain by subtracting the estimated model from the observations
is an estimated series, and the values of r, for this series tend to be
highly correlated with one another. This means that their theoretical
variance is reduced in comparison to that of ry values for a set of true,
random residuals. For example, if a number of series is generated by an
AR{1} process with a specific parameter vaTue ¢ and AR{1) models are
estimated for each and then subtracted to obtain residual series, the
variance of the r, autocorrelations estimated for the residual series can be
shown to be ¢®/N, which is Tess than 1/N. This means that the conventional
method of calculating standard errors produces an incorrect, excessively
large standard error for residual auwtocorrelations. If a residual auto-
correlation fafls to appear significant when considered in relation to the
confidence Timit + 2/, this may not mean that it is non-significant.
However, in Figure 158, the value of r; for the residual series is clearly
significant, because it considerably exceeds even the 1imit set by +2/+N.

Because of the difficulty of testing individual autocorrelations in the
residual correlogram, its general pattern is equally useful in diagnostic
checking. Furthermore, it is possible to test the whole correlogram by what
Box and Jenkins (1970, p. 290) describe as a 'portmanteau lack of fit test'.
If we have K autocorrelations for the residual series from an ARMA (p,q)
process, then if the fitted model 1is appropriate,

Q=N r2

is distributed as x® with K-p-q degrees of freedom. If the model is
inappropriate, the values of Q will be inflated because of the relatively
large autocorreiations. A simple test is therefore to caiculate Q and
compare it with values of ¥ for the appropriate degrees of freedom; if

Q0 » x% at p = 0.05, the fitted mode] may be considered inappropriate.
However, even this test is not conclusive since Chatfield and Prothere (1973}
have shown that it has poor power properties; they fitted four different
ARMA models to the same data and found that the residual correlograms ali
gave non-significant values of Q. If this test is applied to the auto-
correlations plotted in Figure 15,this problem is not apparent. For the
residual acf of the streamflow model, Q = {72) (0.0853} =6.14, with 17
degrees of freedom: N = 72 because residuals were estimated from ez, and
18 autocorrelations were estimated after fitting a model of order p = 1.
Compared with ¥ = 27.6 at p = 0.05 for 17 degrees of freadom, this value
of ¢ is non-significant and implies acceptance of the fitted AR(1) model.
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For the acf of residuals from an AR(1) model fitted to the bed-profile data,
Q = (52)(0.4504) = 23.42, with 11 degrees of freedom. Here N = 52 because
residual estimation loses 2 values from the beginning of the series, and
degrees of freedom are K - p - q =13 -2 - 0 = 11. X* at p = 0.05 with 11
degrees of freedom is 19.7; the Q value therefore suggests model inadequacy,
as conclusively as one would expect given results of all the other tests
comparing the relative fit of the AR(2) and AR(1) models to this data set.

VIT PROBLEMS AND LIMITATTONS

Although conceptually the serial correlation technique which forms the
basis of stochastic process identification is straightforward, there are
numerous difficulties in the underlying mathematical statistics. Formulae
which produce unbiased, efficient estimates of the required quantities are
elusive, partly because progressive lagging of the series against itself
results in a data loss. Thus there are alternative versions of the simple
estimator of the autocovariance Ck given in equation (2.3). This estimating
equation uses the divisor N, and results in a biased estimate of Ck and
highly correlated successive values of Ck which can make interpretation of
the correlogram difficult. one alternative estimator uses the divisor N - k,
and has less bias; it is less efficient however, because estimates have a
greater mean squared error. Additional problems arise in defining confidence
Timits and significance tests; this is evident in the discussion of standard
errors for the autocorrelations, where non-independence of successive correla-
tions necessitates a relatively complex testing procedure. These difficulties
are further elaborated in texts such as chatfield (1975) and Box and Jenkins
(1970); the purpose of this chapter is to note some more general problems.

(i) Methodological limitations

The summary of objectives in Chapter 1 indicates the range of possible
aims behind attempts to model series by stochastic generating processes.
Much of the theory has developed in relation to forecasting and control
objectives, but in geographical applications, and especially in studies of
distance series, elucidation of the physical operation of the system under
study is often of greater importance. Bearing in mind that models are
fitted to sample realisations, a small difference between residual variances
for two equally parsimonious models may prevent a clear choice being made
between them. This is unlikely to be particularly critical for forecasting
or control purposes, but would be an embarrassment in terms of physical
explanation. Ideally, the fitted process should accord with underlying
physical considerations. The storage element within the basin hydrological
cycle adequately explains the carry-over effect implicit in the AR(1) model,
aided by the phenomena of weather persistence (Grosswetterlagen) and
singularities (Craddock, 1956). Yalin (1971) has argued theoretically that
velocity pulsations along a straight, uniform channel are described by an
AR(2) process, and this may be expected to interact with movable bed sediment
in an initially uniform channel to create a bed profile which can also be
modelled by an AR(2) process. Thus the models fitted to the two empirical
examples in this monograph are physically explicable.
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(ii) Non-stationarity

The stationarity requirement presents a practical and methodological
problem. Known trends and periodicities have to be removed prior to serial
correlation analysis, but this presupposes sufficient knowledge of the
physical processes giving rise to these trends. Again, physical geographical
series differ from human geographical data in that some underlying physical
(and hence, perhaps, deterministic) process may be expected. However,
Kisiel (1969, p. 84) notes that even here stationarity is relative; diurnal
and annual deterministic variations may occur, but over Tong time scales it
becomes more difficult to prove the existence of deterministic trends and
cycles in hydrological or meteorological series. In contrast, the
deterministic downward trend in an elevation distance series becomes more
evident over greater distances. The answer would seem to be that pragmatism
is necessary; the stationarity assumption must be satisfied, and the method
employed depends on the type of data and the purpose of analysis. For

forecasting, particularly with economic data, differencing may be appropriate,

but for physical modelling where it may be desirable to remain in touch with
the reality of the original data as much as possible, deterministic trends
may be preferable unless it is more meaningful to model rates of change.

In some cases the parameter structure of the model may be treated as
variable in order to account for non-stationary behaviour of the data; this
1s suggested by Granger (1975, p. 205) and amplified in chapter VIII,
section iv.

(iii) Non-linearity

The models considered in this monograph are all Tinear, although
suitable initial transformation of the data may permit an extension of the
methods employed to those relationships capable of linearisation through
transformation. Where variance increases with the mean (for example, the
problem of higher and more variable winter discharges) a logarithmic
transformation may be a useful way of achieving stationarity of variance,
and this immediately means that an autoregressive process underlying the
series is non-Tinear, and the relation between successive terms in the series
is a power function with multiplicative errors; this is because after the
transformation we have

log x. = ¢1 log Xeoy ¥ log e,
which in terms of the original variables is

=x?1 e

xt t-31 %

Non-Tinearities can often be treated as a form of non-stationarity, therefore,
and avoided by suitable manipulation of the data before analysis.

(iv) Multivariate series analysis

Chow and Kareliotis (1970) bemoan the lack of application of time series
analysis to composite hydrologic systems; most studies having been univariate.
Multivariate series analysis is a complex problem (see Chapter VIII (ii)),
and in order to achieve a model of the basin hydrological cycle they assume
that each variable is generated by a stochastic process in which the errors
are uncorrelated with any part of the stochastic process of one of the other
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variables. They then proceed to analyse each variable separately, bringing
them together in the basic hydrological equation

Storage change = Rainfall - Runoff - Evapotranspiration

Unfortunately their basic assumption may be unrealistic, and may hamper
parameter estimation in the development of a composite model which is

merely an assemblage of univariate models. Another illustration of a multi-
variate time series model is that of Stewart et al (1976), which predicts
ozone levels (0) on day t, from temperature (T), radiation (I) and humidity
(#) on that day, and the previous day's ozone level;

= ¢.348 0. 37 o.re L ie
0, = 0.680%:° 7077 17:%% K,

This was fitted by stepwise multiple regression, so that the 2nd to 4th
independent variables are effectively explaining the residuals from a log-
transformed AR(1) model. However, true multivariate series analysis is more
complex than either of these examples; some comments are made in VIII (i1),
but a full explanation of transfer function modelling is given by Lai (1979).

(v) sampling problems

Initially it might appear that model identification is heavily dependent
on sampling interval, but this problem is not too severe. For example,
incorrect model identification might be anticipated for a bed-profile
actually generated by an AR(2) process which is pseudo-cyclic, if a large
sample spacing was employed such that on average only two observations were
made in each 'cycle'. However we need at least 50 observations, which
demands 4-5 riffle-pool cycles at the recommended sampling frequency of 10-12
per 'cycle' (Nordin and Algert, 1966). At two observations per cycle, we
need coverage of at least 25 successive riffle-pool sequences, which would
mean that we should still identify the correct type of model because
alternative observations would not necessarily be in riffle and pool
Tocations, since the 'cycle' wavelength is irregular. Ferguson (1975)
reinforces this point by noting that sample spacing has little effect on
spectral estimates of meander wavelength. However, the actual coefficients
of the model may vary somewhat in relation to sample spacing, which may make
interpretation of the parameters difficult. For example, if an attempt is
made to investigate the effects of possible controlling variables on the
parameters of AR(2) models fitted to stream bed profiles, this will be
frustrated if the relationship between sample spacing and mean wavelength is
inconsistent. However, it may be difficult to maintain such consistency,
which might demand very inconvenient sample intervals, during the process
of field survey.

(vi) Re-creation of series

A hydrological objective of series analysis involves generating extra
data with the same statistical characteristics as the observed record, in
order to obtain longer artificial series to test water resource management
proposals. Modelling of trend, cycle, and persistence components enables
this to be achieved fairly successfully, but it is important to recognise
that the artificially generated series does not recreate all characteristics
of the true data. The streamflow data in Table 2 and Figure 4 illustrate
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this point; the pentad averages over six years suggest, for example, a
group of positive residuals from the annual cycle between observations 7
and 15 (oct 31 to Dec 14). These can only occur in the sveraged data
because of a consistent tendency for abnormally high streamflow to occur

at this time. Similarly, a set of averaged pentad temperature values over
several years would display positive temperature residuals (anomalies) at
some times and negative anomalies at others (Craddock, 1956). The late

May -_early June positive anomaly and Tate June negative anomaly are
examples. The stochastic process which describes persistence tendencies
is unable to guarantee that the residual from the annual cycle would take

a certain sign at a particular time. Hence, if the harmonic plus stochastic
models were used to generate six years of artificial pentad data, and these
were subsequently averaged, the residuals from the cycle would not display
persistence because the positive and negative values would not have occurred
at consistent times in each year. In fact, these averaged 'artificial'
residuals would probably appear random and uncorrelated.

VIII FORECASTING AND OTHER EXTENSIONS AND APPLICATIONS

The classic application of these model building techniques is in fore-
casting, which involves making estimates of point and interval values at
successive lead times/distances, defined as x . (j) where j is the extent
of the Tead. Point forecasting is straightforward, and employs the fitted
model and four basic rules:

a} use actual X, values when they are known;

b} use forecasted Xy values when predicting over larger Tead times/
distances;

¢) use residuals as estimates of e, valyes when they are known; and
d) use the expectation - zero - of the e, values when they are unknown.

The effect of rule d is to cause convergence of forecasts from AR models
to the observed series mean, an AR(1) forecast series converging exponen-
tially and an AR(2) forecast series including a mixture of exponential
decay and sinusoidal elements. For example, the bed profile series was
generated by the model.

hy =0.93h, -0.33,  +e,

and the 53rd and 53th observations were -0.116 and -0.218, Table 6, row a,
lists the forecasts from hy(1) to hy(10), beginning with hg(1) = (0,93 x
-0.218) - (0.33 x -0.116) + 0.0 = -0.164, The unknown eaq(]) is replaced by
its zero expectation, For hy(2), this forecast value of hg{1) enters the
model as the prior value (ha-,}. The forecast series is seen to be a damped
sinusoid convergent on the zero mean of the initial series of residuals

from the regression trend. Forecasting from an MA mode! depends on the
prior shocks to the linear system; an MA{1) model is

X, = e, +
t et e1et-1
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TABLE 6. FORECASTS FROM THE AR(2) MODEL FITTED TO THE BED PROFILE SERIES

Lead T i
times, 1 2 3 4 5 & 7 8 9 14
J =

a) x,(3)|-0.164 -0.87 -0.021 +0.007 +0.013 +0.010 +0.005 +0.001 -0.001 -0.001 _

b} 95%

Con- 0,110 +0.750 20,161 20,162 +¢.162 -0.163 10163 £0.163 0.163 20.163 !
fidence
level

and this can be used to estimate the series of random shocks, as residuals
from the model, by the method outlined in Chapter v. x. (1) depends on e. (1)
which 1is unknown and set to zero, and on the Tlast residual from the observed
series, but x. (2) and subsequent forecasts are dependent on unknown e values
which are set to zero, so these forecasts are also zero. ©

Interval forecasts, which estimate confidence Timits above the forecast
point value, are more difficult to make. The interval increases with increas-
ing Tead (as seen from the 95% confidence intervals in row b of Table 6),
and is larger if the variance of the residuals from the fitted model (a)
is large. The 95% interval for x. (1) is 1.96a., but for forecasts further
ahead the interval is defined by a series of weights which are dependent on
the parameters of the fitted ARMA model; the definition of these is summar-
ised by Box and Jenkins (1970, p.156).

In practice, forecasting is limited to only a few steps ahead with
updating as soon as new observed values (and hence estimated e. values)
become available. Stationary stochastic models yield forecasts which converge
exponentially (AR) or abruptly (MA) on the series mean, which is usually
zero if the initial series is defined as deviations from a regression or a
mean value. Of course, when forecasting any trend and cyclic fluctuation
must also be built into the forecast; the point estimates of Table 6 must be
added to the predicted bed elevations obtained by extrapolating the regression
Tine of equation (2.11). Similarly, if the data to which a stochastic model
was fitted were differenced first the forecasts must be cumulated according
to equation (2.10), and this non-stationary stochastic model will exhibit
a stochastic trend.

In geographical applications it may often be of more interest to use
the model to simulate synthetic series rather than to make point forecasts.
In this case, the model is used in conjunction with a randomly generated
series of shocks drawn from a normal distribution with mean and variance of
the residual series, e., as outlined briefly on p.45. Further, more sophis-
ticated extensions and applications of the simple techniques outlined in
this monograph are briefly considered below.



(i) Analysis in the frequency domain - spectral methods

The spectral density function is a plot of the c¢ontribution made to the
total variance of a series by oscillatory components (cosine functions) in
different frequency bands over a range of freguencies. It provides the same
information as the correlogram, in that each stochastic process has a
characteristic theoretical spectral density function, and is therefore simply
an alternative visual representation of the data {Quimpo, 1968), The simplest
derivation of the spectral density function is by a discrete Fourier trans-
form of the autocovariance function (Chatfield, 1875). Theoretical spectra
are derived in much the same way as theoretical correlograms; intuitively,
for example, we can see that a random process should have a flat spectrum
since no frequency dominates. A first order AR process with a positive ¢,
coefficient has an exponentially declining spectrum and if ¢, is negative
the spectrum increases exponentially to a maximum value at a high frequency.
This is to be expected; the persistence of an AR(1) process with positive
¢y gives dominance te low frequency variance, but the rapid oscillation of
the AR{1) process with negative &, yields a spectrum dominated by high
freguency components. The spectrum of an AR(2) process such as that fitted
to the bed-profile data would display a broad peak centred on the frequency
u o= 2r/) where ) is the wavelength of the pseudn-cyclic escillation.
Examples of theoretical spectra for different processes are shown by Box and
Jenkins (1970},

{ii} Transfer functions - bivariate series

When two series are available that move jointly through time or over
distance, the relationship between them may be summarised by the cross-
covariance and cross-correlation functions. (Richards, 1876b). These are
estimated much as the univariate functions, with

() = ¢, (k) Vo (0) ¢ (0]

where the cross-covariance at lag k is divided by the square root of the
product of the two variances. The cross-covariance is calculated for positive
and negative lags, k, and for positive lags is estimated thus;

r
Xy

1 N -k . B
Coy (K} = E (X, = %)Y, - Vs for k=0, 1 ... L.
t =1

A problem which arises in examining the cross-correlation function (ccf) is °
that if both series have underlying generating processes the ccf may include
spurious correlations, much as spurious correlations often arise when time

or distance series are correlated directly without initial removal of trend
(see Gregory, 1976, p.397). Thus estimation and interpretation is improved
if both series are initially prewhitened; that is, the appropriate stochastic
process is subtracted from each series befpre cross-correlation. Signiticant
terms in the ccf can then be easily tested, the standard error being 1/+8
since both transformed series are white noise. This enables jdentification
of the Iinear system which is the time series analegue of a regression, and
is often referred to as a transfer fuaction of the form
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Yy = E Xk
k=0
which is a distributed Iag model in economics. With the Yy and ¥, series
both prewhitened, the regression coefficients hk, or impinlse responsc
function, are given by
= k 2

h, €y {k}/S
The significant term(s) in the ccf indicated the Tag(s) at which impulse
response weights should be estimated. These techniques are covered in
greater detail by Lai (1979), where this bivariate approach is extended via
cross-spectral methods to multivariate time series analysis.

(iii) continuous processes

Most series analysis proceeds using discrete data, which represent in
most cases an approximation to a continuous process. For transfer functions
of the type defined in equation (8.1), a close relation exists between the
discrete transfer function and a continuous model. This is explored by
Quimpo (1973), who illustrates that the conventional mathematical represen-
tation of the unit hydrograph as a linear time-invariant transformation of
an input X to an output Y is

Y, = _[a h{k) X(t - k} du

which is the continuous form of equation (8.1). Ferguson (1976) shows that
a linear differential equation of a given order describing a continuous
univariate time/distance process may in general be represented in the
discrete form by an autoregressive model of the same order, with the
irregular but quasiperiodic oscillation of a meander pattern being represented
by a second order differential equation and AR(2) model. This means that a
truly scientific approach may be adopted in the analysis of processes
developing through time or distance, with the theoretical model being
developed in the form of a mathematical model (the differential equation)
and tested using data which form a discrete approximation and permit the
application of the identification and estimation methods described in this
monograph.

(iv) variable parameters

One form of non-stationary behaviour which may be modelled by an
extension of the techniques outlined herein otcurs when the parameters of
a stochastic process change through the series so that, for example, .. in an
AR(1) process is

= +
¢t B1¢t-1 at

Estimation problems are severe in this type of analysis, but Bennett (1976)

has succeeded in using this type of model to describe the marked change in
parameter structure of AR models fitted to river bed profile data which
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exhibit a change in frequency of oscillation where pebble and cobble bed
material breaks down to sand-sized material, with a parallel shift from
riffle-pool bed oscillations to smaller scale sand-dune bedforms.

(v) Space-time modelling

A complete generalisation of series analysis can be achieved for
spatio-temporal data compiled in a matrix of N regions by T time periods.
If each cell value is expressed as a deviation from the overall spatio-

temporal mean of all N x T observations, a spatio-temporal autocorrelation
function may be estimated from

N T N T
r kS: a
Zz(!J 2 E xtixt—k,i-s X
i=1 =1 i=1 t=1

for any lag k in time and s in space (Bennett, 1975). A spatio-temporal
autoregressive model (STAR) would be characterised as STAR (a,c) and would
be expected to exhibit an acf with exponential decay and pacf with a cut off
after the a'th time lag, and the c'th spatial Tag (although this depends on
the definition of the spatial lag). Bennett (1975) shows that population
data for the British Northwest region from 1891-1971 can be modelled by a
STAR (3,1) process which implies a considerable temporal carry-over effect
of population change, but negligible diffusion of these effects over space.
These models are in their infancy, and evidently involve difficulties
because the spatial dependency operates in two dimensions and because
stationarity may be impossible to define (Granger, 1975). Nevertheless,
they represent the most advanced generalisation of the simple techniques

described in this monograph, and will form the basis for sophisticated
forecasting models.
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